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Abstract. In this paper we use the formalism of S.Weinberg in order to 
construct a mathematical model based on the weak decay of hadrons and 
nuclei. In particular we consider a model which generalizes the weak decay the 
nucleus of the cobalt. We associate with this model a Hamiltonian with cutoffs 
in a Fock space. The Hamiltonian is self-adjoint and has an unique ground 
state. By using the commutator theory we get a limiting absorption principle 
from which we deduce that the spectrum of the Hamiltonian is absolutely 
continuous above the energy of the ground state and below the first threshold. 



1. Introduction 

This article initiates the study of mathematical models based on the Quantum 
Field Theory without any restriction concerning the spins of the involved particles. 

Precisely, in this paper, we study a mathematical model which generalizes the 
weak decay of the nucleus 27 Co of spin 5 into the nucleus 28^** °f s P m 4, one elec- 
tron and the antineutrino associated to the electron. This experiment by C.S.Wu 
and her collaborators showed that parity conservation is violated in the (3 decay of 
atomic nuclei. See [26]. The same approach can be applied to many examples of 
weak decays of hadrons and nuclei with both Fermi and Gamow- Teller transitions. 
See [37] and [26]. 

The mathematical model is based on the construction of free causal fields asso- 
ciated with two massive bosons of spins j\ and j% respectively, a massive fermion of 
spin J3 and a massless fermion of helicity — j'4 which is the antiparticle of a massless 
fermion of helicity j'4. These free causal fields are constructed according to the 
formalism described by S.Weinberg in [46, 47, 48, 49, 50, 51] ( see also [42], [27]). 

This construction depends on the unitary irreducible representations of the 
Poincare group for massive and massless particles and on the finite dimensional 
representations of SL(2, C). Relativistic covariance laws and microscopic causal- 
ity conditions determine unique free causal fields up to over-all scales. Note that 
in this paper we only consider fields associated with irreducible finite dimensional 
representations of SL(2, C) because we are only concerned with a weak decay for 
which parity is not conserved. 

As it is well known, the construction of the unitary irreducible representations 
of the Poincare group for massive particles of any spin and for massless ones with 
any finite helicity is based on the theory of E.P.Wigner and G.W.Mackey. We 
choose the realizations of the unitary irreducible representations of the Poincare 
group given by E.P.Wigner because they are important from the physical point of 
view and because they allow a clear distinction between the canonical and helicity 
formalisms. 
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The interaction between particles is the one given by S.Weinberg in [51, chap 
5] . As for the weak interactions we do not suppose that the interaction commutes 
with space inversion. 

After introducing convenient cutoffs for the associated Hamiltonian the mathe- 
matical method used to study the spectral properties of the Hamiltonian is based 
on the one applied to a mathematical model associated with the weak decay of the 
intermediate vector bosons into the family of leptons which has been recently 
developed by [9, 3]. The existence of a ground state and the proof that the spec- 
trum of the Hamiltonian is absolutely continuous above the energy of the ground 
state and below the first threshold for a sufficiently small coupling constant arc 
our main results. Our methods are largely taken from [4, 19, 13] and are based on 
[35, 2, 41, 21, 25, 23]. No infrared regularization is assumed. 

In the framework of non-relativistic QED similar results have been successfully 
obtained for the massless Pauli-Fierz models (see [5, 6, 7, 22, 19, 20, 12] and refer- 
ences therein ). 

For other mathematical models in Quantum Field Theory see, for example, [1, 
8, 24] and for string-localized quantum fields see [38] and references therein. 

The paper is organized as follows. In the next section we recall the realiza- 
tions of the unitary irreducible representations of the Poincare group obtained by 
E.P.Wigncr. In section 3 we first introduce the Fock spaces and the creation and 
annihilation operators with their usual commutation or anticommutation relations 
for massive particles. We then recall the construction of the finite dimensional 
irreducible representations of SL(2, C) and we give a very detailed review of the 
construction of free causal fields for a massive particle of any spin following the 
formalism of S.Weinberg and associated with a finite dimensional irreducible rep- 
resentation of SL(2, C). Similarly in section 4 we recall the construction of free 
causal fields for massless particles of any finite helicity according to the same for- 
malism as for the massive particles. In section 5 we describe the model for the weak 
decay of a massive boson into a massive boson, a massive fermion and a massless 
fermion which can be an antineutrino generalizing the model for the weak decay of 
the nucleus %^Co . In section 6 we associate a self-adjoint Hamiltonian in a Fock 
space with this model and in section 7 we finally give our main results concerning 
the spectrum of the self-adjoint Hamiltonian. 

2. The Poincare Group 

Let us recall that the Minkowski space is M 4 equipped with the Lorentz inner 
product which is the bilinear form L defined by 



x° = ct, where t is the time coordinate and c the speed of light, (x 1 , x 2 , x 3 ) is a set 
of cartesian coordinates on M 3 . 

From now on we choose units such that c = h = 1. 

The Lorentz form L is associated with the metric 



with n, v — 0, 1, 2, 3. and where we denote by x^ ( resp.x^) the vector (x°, x 1 , x 2 , x 3 ) 
( resp.(a;o, xi, X2, X3)). We use the Einstein summation convention. 
A point i€l 4 may be written as (a;°,x) where x = (x 1 , x 2 , x 3 ). 



L(x, y) = x°y° - x 1 y 1 - x 2 y 2 - x 3 y 3 . 



(2.1) 



da 2 = g^dx^dx^ = g^ v ' dx ^dx M 
9tlv = g» v = diag(l, -1,-1,-1) . 



(2.2) 
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Note that x M = g^ v x v and x^ = g^ v x v . 

The restricted Lorentz group or proper Lorentz group, denoted by £, is the group 
of all linear real transformations A = (A^) such that 

L(Ax,Ay) = L(x,y) (2.3) 

detA=l (2.4) 

A° > 1 . (2.5) 

The rotation group SO(3) is the orthogonal subgroup of C that fixes the point 
(1,0,0,0). 

The inhomogeneous Lorentz group is the group of transformations of R 4 gener- 
ated by C and the group of translations isomorphic to R 4 itself. The inhomogeneous 
group is the semi-direct product of C and R 4 , denoted by £ K R 4 , with group law 
given by 

(Ai,ai)(A 2 ,a 2 ) = (AiA 2 , ai + Ai<x 2 ) . (2.6) 

where Aj £ £ and dj £ ]R 4 , j = 1, 2. 
The action of (A, a) on R 4 is 

(A, a)x = Ax + a . (2.7) 

According to E.P.Wigner and V.Bargmann ( see [10], [43], [53] and [54] ), in rela- 
tivistic quantum mechanics, every projective representation of the inhomogeneous 
Lorentz group has a lift to an unitary representation of the universal covering group 
of the inhomogeneous Lorentz group. It is well known that the universal covering 
group of the inhomogeneous Lorentz group is the semi-direct product of SL(2,C) 
and of R 4 with the following law group 

(A, a)(B, b) = (AB, a + A(A)b) . (2.8) 

Recall that SL(2,C) is the group of the 2x2 complex matrices A such that 
det(^4) = 1 . A(A) is the image of A in the Lorentz group by the double covering 
of C by SX(2, C) and is defined below. 

The usual three Pauli matrices (ci , cr 2 , 03) together with ao, the unit 2x2 matrix 
on C 2 , generate the 2x2 hermitian matrices. We set cr = (a\, ct 2 , 0-3). We identify 
R 4 with a hermitian matrix by the map 

where fi = 0, 1, 2, 3. 

Every A € SL(2, C) acts on p^a^ by 

^ -> A^a^A* (2.10) 

and there exists A(A) e C such that 

{A{A)pYa ll = A(p^)A* (2.11) 

with 

A(A)"„ = l -Tr(a^Aa v A*) (2.12) 

The map A -> A(A) is a double covering of £ by SL(2, C) such that A(A) = A(-A). 

From now on we call Poincare group the universal covering group of the inho- 
mogeneous Lorentz group with the law group defined by (2.8). The Poincare group 
is denoted by V . 
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The subgroup SU (2) of 2 x 2 unitary matrices of SL(2, C) is the universal covering 
group of 50(3). The covering map is the restriction of the one of SL(2, C) to SU(2). 
Let i?(n, 9) be the rotation of axis n and angle 9 in W 4 . We have 

x' = (cos 8)x + (1 — cos#)(x.n)n + sin0(n A x) 



x'° = x° 



(2.13) 



where x.n = x x n x + x 2 n 2 + x 3 n 3 . 
The following 2x2 matrix 



A(n,6) = cos-cr -isin-(n.er) = e - i$n ^ (2.14) 

is associated with i?(n, 9) by the double covering of £ by SL(2, C). Thus i?(n, 9) — 
A(A(n,6). 

Let L(x, m) be the pure Lorentz transformation in C in the direction m = 
(to 1 , m 2 , to 3 ) and with rapidity v — tanhx in the Minkowski space. We have 

x' = x — (1 — coshx)(x.m)m + x (sinhx)m 



x 



I o 



(coshx)x + (x.m) sinhx 



(2.15) 



where x.m = x 1 ™ 1 + x 2 m 2 + x 3 m 3 . 
In SL(2, C) the following 2x2 matrix 

A(x, m) = cosh |cr + sinh |(m.cr) = e xm % (2.16) 

is associated with L(\, m) by the double covering of C by SL(2, C). Thus L(\, m) = 
A{A( X ,m). 

For R(n, 9),L(x, m) and throughout this work we follow the active point of view 
of transformations. See, for example, [52]. 
Note that 



A(n, 0)A( X , m) = A( X , R(n, 0)m)A(n, 9) 

A( x ,m)A(n,9) = A(n,6)A(x,R(n,9)- 1 m) ^' ' 

In relativistic quantum mechanics elementary systems are associated with uni- 
tary irreducible representations of V. From this point of view elementary particles 
arc elementary systems (see [53]). It can be also necessary to introduce the extended 
Poincare group by considering discrete transformations such as space-inversion and 
time-reversal. 

The description of irreducible unitary representations of V has been first accom- 
plished by E.P.Wigner (see [54]). It is now treated as an application of the work 
of G W. Mackey using induced representations. Many articles and books have been 
devoted to this theory. We only mention some of them. Sec [45], [11], [43], [18] and 
references therein. 

We still keep the realization of the physical irreducible unitary representations 
of the V by E.P.Wigner because they are associated with spectral representations 
of maximal sets of commuting observables as the momenta, the spins or the hclic- 
ities which are fundamental in dealing with kinematical problems for elementary 
particles. 

We have to consider two cases in physics. First, the case of a positive mass 
to > and a spin j, with j integer or half- integer, i.e.j e N or j e N + \. Second, 
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the case of a mass m — and a hclicity j £ Z or j e Z + | for which the spin is 
| j |. In both cases the energy has to be positive. 

2.1. Positive mass and spin j. 

Let fi m be the orbit corresponding to the mass m > 0. We have 

!2 m = {pel 4 ;p/ = m 2 ,/>0} (2.18) 
Observe that p € fl m if and only if p = (w p ,p) where tu p = ^/\ p | 2 +m 2 . Here 

I p 1= VpT+pT+pJ- 

The Lorentz invariant measure on tt m is 
Set 

k m = (m, 0,0,0) (2.19) 
The little group of fc m is S'[/(2) which determines the spin of the particle. 

The unitary irreducible representations of SU (2) are finite dimensional ones and 
they are well known . See, for example, [17], [39], [34], [36] and [44]. 

Let -D J (.) be the unitary irreducible representation of SU{2) defined on a Hilbert 
space of dimension 2j + 1 that, for simplicity, we suppose to be C 2j+1 . The irre- 
ducible unitary representation of mass m > and spin j is defined on the Hilbert 
space L 2 (fl mi ^-,C 2 ' J+1 ) with the scalar product 

(F,G)= ( F(p).G(ph J+1 fv (2.20) 
Jn m Zuj p 

where {F, G} i — > F(p).G(p)2j+i is the scalar product in C 2:,+1 which is linear with 
respect to G and anti-linear with respect to F. 

The unitary irreducible representation of V of mass m > and spin j depends 
on a field of transformations of the restricted Lorentz group p i — > A(A p ) such that, 
for every p, 

K{A p )k m =p (2.21) 
Given the field p — > A(A p ), the unitary irreducible representation of the V of mass 
m > and spin j, denoted by JJ^ m '^ (A, a), is then 

(U^(A,a)F)(p) = c^D^A^AA^^FiAiA)-^) . (2.22) 

where a.p = and F e L 2 (O m , |^,C 2j+1 ) . 

In physics one considers two interesting examples of the field p — > A(A p ). 

2.1.1. The canonical formalism. In that case A(A p ) is the pure Lorentz transfor- 
mation in the direction t^t- We then have 
IpI 

p = (sinhx)m-^- 

IPl (2.23) 
p° = (coshx)w 

This pure Lorentz transformation is associated with the following element of SL(2, C), 
denoted by A p , by the double covering of C by SL(2, C): 

+ i ( ^±E_^EE )( ^,. ( , 24) 
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An easy computation shows that 

c = (m +P oVo + p. g (2 25) 

^2777(777 + 770) 

For the choice of A^ the corresponding formalism is called canonical. See [53] . 

2.1.2. The helicity formalism. In that case A(^4 p ) is the product of a pure Lorentz 
transformation A H such that 

A H k m = (p°,0,0,| p |) . (2.26) 

and a rotation of axis k A ^ and angle = (k, ^ ) where k is the unit vector 
of the third axis. 

R h A H is associated with the following element of SL(2,C), denoted by , by 
the double covering of C by £X(2,C): 

a(p)e~ l % cos I — /3(Tj)e~ 4 ^ sin • 



(v /2m(m + Po )K = "7 ^ 5 (2-27) 

p \ a(p)e l 2sin| p(PJ e 2 cos | / 

Here a(p) = (m + p + |p|) and = (m + p a — |p|). Furthermore 6* ( resp.tp) is 
the polar( resp.azimutal) angle of p with < 9 < it ( resp. < ip < 2n). 

The corresponding formalism is called the helicity one. See [33], [50], [29] and 
[28]. 

Note that A^ is defined up to a rotation of axis k. For example we can also use 
the following 2x2 matrix for (^/2m(m + pa))A^: 



a(7j)cosf -/3(7j)e-^sin§ 
a(p)e tv sin § j3(p) cos § 



(2.28) 



See [28]. 



2.2. Mass m=0 and helicity j. 

Let f2 be the light cone: 

= {P"P*. = ; p° > 0} . (2.29) 

Set 

fc o = (l,0,0,l) (2.30) 
The little group of ko is the spinorial group of the euclidean group in M 2 which is 
the group of rigid motions in R 2 denoted by E 2 . E 2 is the set of motions (R(<p),a) 
in R 2 such that, for u , v and a e R 2 , 

u = (R((p))v + a . (2.31) 

Here R((f) is a rotation of angle tp in M 2 whose center is the origin 0. 
The law group of E 2 is 

(R(cpi), ai ){R{cp 2 ), a 2 ) = (Rfa + V2 ), oi + (R&ifa) ■ (2.32) 
The spinorial group of E 2 is the following set of 2 x 2 matrices: 

{^}=( 6 ~f e f f ) (2-33) 

where z e C and with the law group 

{zi,ipi}{z 2 ,ip 2 } = {zie 1 ^ + z 2 e~ i ^,ip 1 + ip 2 } . (2.34) 
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The spinorial group of E2 is a double covering of E2 ■ The 2 — > 1 homomorphism 
of the spinorial group over E2 is given by 

a(*e**)) . (2.35) 

where 

a(zc 1 *) = (Re(ze l *),Im(ze^)) e M 2 . (2.36) 
Note that {z, tp} and {—2, <p + 2tt} correspond to the same clement in E2 

The unitary irreducible representations of the spinorial group associated to a 
finite helicity are of dimension one. They are indexed by j € Z or j e Z + | . They 
are given by 

=e-«> (2.37) 

j is the helicity and \j\ is the spin. 

Remark 2.1. TTie spinorial group of E 2 is isomorphic to the group generated by 
the following set of 2 x 2 matrices: 

wit/t i/ie /aw group 

[*i,Pi] [32,^2] = [«i + z 2 e _<¥ \¥>i + ¥> 2 ] • (2.39) 

The unitary irreducible representation of V of m=0 and helicity j depends on a 
field of transformations of the restricted Lorentz group p — > A(A P ) (A p € SL(2, C)) 
such that, for every p £ Q, we have 

A(A p )fc -p. (2.40) 
Given the field p — > A(A p ) the unitary irreducible representation of V of m=0 and 
helicity j, denoted by U^(A,a), is then 

{UW(A,a)G)(p) = e»-f^(A p - 1 ^ A(A) - lp )G(A(A)- 1 p) • (2.41) 

where G(.) G L 2 (ft, . Recall that p = (|p|,p). 
Two important choices of A p are made in physics. 

2.2.1. The canonical formalism. This formalism corresponds to the choice made by 
A.S.Wightman ( see [53] and [29]): 



p|+p 3 







K = ( V +I > r-r- 1 (2-42) 

V 2 (IpI+p 3 ) V ipi+p j 

2.2.2. TTie helicity formalism. In that case A 2 , is the 2x2 matrix in SL(2, C) 
corresponding to the product of a pure Lorentz transformation A H (A^) such that 

A H (A 2 )fc = (|p|,0,0,|p|) . (2.43) 

and of the same rotation R h as the one defined for a positive mass. We then obtain 

A 2 _ ( IPhe l 2 COS 2 -|p| 2 e ^sinj \ 
' \ |p|2e l 2sin| |p| 2 e l 2 C os| / 

6*(resp.y) is the polar(resp.azimutal) angle of p with < 9 < ir (resp.O < ip < 2n). 
See [47], [48], [29], [30] and [28] . 
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Remark 2.2. The helicity j is Lorentz invariant. Nevertheless note that photons 
and gravitons have helicity ±1 and ±2 respectfully because of the symmetry of space 
inversion of the electromagnetic and gravitational interactions. On the other hand 
it is well known that the weak interactions do not respect the symmetry of space 
inversion. Thus one has to distinguish the neutrinos with helicity — ^ from the 
antineutrinos with helicity ^ in the Standard Model. It is conventional to call a 
particle with helicity j > right-handed and a particle with helicity —j left-handed. 

2.3. The representations of the Poincare group in L 2 (M 3 , C 2j+1 ) and in 
L 2 (R 3 ). 

For most applications to Quantum Field Theory it is more convenient to use 
the spaces L 2 (R 3 , C 2j+1 ) for m > and L 2 (R 3 ) for m = instead of the spaces 
L 2 (n m , §,C 2 ^ +1 ) and L 2 (n, respectfully. 

The following map 

(K l /)(p) = (2w p )-i/( Wp ,p) . (2.45) 
is a unitary map from L 2 (fl m , |^,C 2j ' +1 ) onto L 2 (M 3 ,C 2j+1 ) and 

(Vo/)(p) = (2 Wp )-'/( W p,p). (2.46) 

is a unitary map from L 2 (fl, onto L 2 (R 3 ). 
We have for both cases 

(V.- 1 9)(P°,P) = V^9(P) ■ (2-47) 
where g(p) <= L 2 (R 3 , C 2j+1 ) when m > with p° = lo p and where g(p) G £ 2 (R 3 ) 
when to = with p° = |p|. 

For any field p — > A(A p ) of Lorentz transformations such that, for m > and 

A(A p )fc ro = p (2.48) 

one easily gets the form of the unitary irreducible representation of V corresponding 
the mass to > and spin j in the space L 2 (K 3 , C 2j+1 ). 
We obtain, for f(p) belonging to L 2 (M. 3 , C 2j+1 ), 

{(VrnU^iA^V-^fUp) 

Here p° — lj p , i.e., p = (u p ,p) and Pa(a)-! p i s the three-vector part of A(A)~ 1 p 
such that 

A(A)-V = (w PA(A) _ lp P A(A) - lp ) (2.50) 

For any field of Lorentz transformations p — > A(j4 p ) such that 

A(i p )fc =p,pea (2.51) 

we easily get in a similar way the unitary irreducible representations of V in the 
massless case for helicity j in the space L 2 (M. 3 ). 
Thus we obtain, for g(p) belonging to L 2 (R 3 ), 

{(VoU^iAa^gUp) 

= (^^)%- P ^(A-AA A(A) - lp ) 5(PA(A) _ lp ) . (2 - 52) 
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where p = (|p|, p) and A(A) 1 p = (|p A(A) -i p |, P A (A)-i p )- 
We now set 

(A, a) = V m U^ (A, a)V m 1 (2.53) 

(A, a) = V U^ {A, a) V 1 • (2-54) 

Remark 2.3. In [47], [48], [49], [50] and [51] the irreducible representations of V 
are written down in the space of generalized eigenf unctions of momenta, spins and 
helicities denoted by ^ p , a and j respectively. From the mathematical point of 
view the corresponding space is a subspace of the space of distributions 2)'(R 3 , C 2j+1 ) 
for m > and spin j and o/£)'(R 3 ) for m = and helicity j. From the knowledge 
of the representations U^ n '^ and in the spaces L 2 (R 3 ,C 2j+1 ) and L 2 (R 3 ) re- 
spectively it is not difficult to get the corresponding representations in the spaces of 
distributions by duality. For simplicity we keep the same notations U^ m -^ and 
for the representations in the spaces of distributions. 
In the massive case we get 

(lM(A,a))* PiCT = 

J PA(A) P \2^a.A(A)p ^/l-l A A \,T, ( 2 - 55 ) 

-j<a'<j 

In the massless case, we obtain 



p -j<, 
se, we obtain 
(uW(A,a))%, 3 = 



( \PA { A )p \ y iaMA) • ! \q, . (2 - 56) 

\ \p\ ) \ A(A)p P) A(A)p,j ■ 

(2.55) and (2.56) are the representations ofV given in [51, 2.5.23 and 2.5.42]. 

Remark 2.4. Let P = (P 1 , P 2 ,P 3 ) be the components of the momentum operators 
and let J = (J 1 , J 2 , J 3 ) be the components of the angular momentum vector. Let us 
consider the massive case for a given spin j. In the canonical formalism we obtain 
a spectral representation of the maximal set of commuting self-adjoint operators 
generated by (P, S 3 ) where S 3 is J 3 in the rest frame of the particle generated by 
A((Ap) _1 ). In the helicity formalism one gets a spectral representation of the max- 
imal set of commuting self-adjoint operators generated by (P,H 3 ) where H 3 is the 

helicity operator (\jY^i=i(P 1 ) 2 ) 1 (52i=i P'j')- S 3 and H 3 have the same spectrum 

(-j, -j + - i,i). 

3. Free causal fields for a massive particle of any spin 

In this chapter we now introduce the construction of unique free causal fields for 
particles with m > and spin j. For that we follow the formalism of S.Weinberg 
as described in [47], [48], [49], [50] and [51, chapter 5]. See also [42]. 

3.1. Fock spaces for massive particles of any spin. 

This is the most important case. Consider a particle with mass m > and spin 

j- 

Set 

Zj = {-j,-j + l,...,j-l,j) (3.1) 
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and 

Sj = R 3 x (3.2) 

In the following (p, s) will be the quantum variables for a massive particle of spin 
j and for both the canonical and helicity formalisms. Here p € R 3 and s £ Zj.In 
the sequel,we will identify L 2 (R 3 , C 2j+1 ) with L 2 (Y,j). For simplicity we keep the 
same notations f7' m '^ for the representations of V in these two Hilbert spaces. We 
shall sometimes use the notations £ = (p, s) and J E d£ = J2 se ^. / d 3 P- 

Let S r i m '^ (rcsp.^i" 1 '"'') be the bosonic (resp. fermionic)Fock space for bosons(resp.fermions) 
of mass to > and spin j. We have 



3^=©®?^-). (3.3) 

n=0 

where 0™ denotes the symmetric n-th tensor product and <X)°L 2 (£.,-) =C, and 

oo 

5 Ki] = «L 2 (S j ). (3.4) 

n=0 

where (g)™ denotes the antisymmetric n-th tensor product and ® Q a L 2 (Y>j) =C. 

In the case where a massive particle has an antiparticle we introduce a Fock space 
for both the particles and antiparticles denoted by si™'' 7 '' and 5 r L m ' J ' respectively and 
defined by 

^ roJ1 = s! mJ1 ® sL mJ1 . 

In the case of N bosons and N fermions with masses (mi)i<i<N and spins 

i)i<i<N the 
are given by 



(ji)i<i<N the corresponding Fock spaces, denoted by $i N ^ and respectively, 



N 

^=0^^ (3.6) 

i=l 



and 

N 

$i N) = <g)$ [ r Ji] (3-7) 

i=l 

When particles and antiparticles are involved the corresponding Fock spaces are 
denoted ${ N ^ and respectively and defined by 

N 

t (3-8) 

i=i 

The unitary irreducible representations U^ m ^ of V induce two unitary repre- 
sentations of V in and g 1 ™^ which are denoted by Y{U [m ^) where Y{.) 
is defined, for example, in [40, section X.7], [18, 4.53] and [16, 5. 48]. The unitary 
representation of V in E m,il and #L mjl respectively is then T(U^ <g> f/Kd) . 

We now introduce the creation and annihilation operators for bosons and fermions. 
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a € (£;m,j) (resp. a*(£;m,j) ) is the annihilation (resp. creation) operator for a 
massive boson of mass m > and spin j if e = + and for the corresponding massive 
antiparticle if e = — . 

In the case where a particle is its own antiparticle a(£;m,j) (resp. a*(£;m,j) ) 
is the annihilation (resp. creation ) operator for the corresponding particle. 

Similarly, b e (^;m,j) (resp. b*(£;m,j) ) is the annihilation 
(resp. creation) operator for a massive fermion of mass m > and spin j if e = + 
and for the corresponding massive antiparticle if e = — . 

In the case where a particle is its own antiparticle b(£;m,j) (resp. b*(£;m,j) ) 
is the annihilation (resp. creation ) operator for the corresponding particle. 

See [40, section X.7], [18, section 4.5], [9] and [16, section 5.4] for the definition 
of annihilation and creation operators. 

The operators a e (£;m,j) and a*(£;m,j) fulfil the usual commutation relations 
(CCR), whereas b e (£;m,j) and b*(£;m,j) fulfil the canonical anticommutation re- 
lation (CAR). See [51]. Futhermore, the a's commute with the b's. 

In addition, in the case where several fermions are involved, we follow the con- 
vention described in [51, sections 4.1 and 4.2]. This means that we will assume 
that fermionic annihilation and creation operators of different species of particles 
anticommute ( see [9, arXiv] for explicit definitions ). 

Therefore, the following canonical anticommutation and commutation relations 
hold for a couple of massive particles with m > and m! > and spins j and j', 

{b € (d;m,j),b* £ ,(li';m',j l )} = 5 €e ,5 jj ,5 mrn ,S(!;-Z') , 

[ae(£;rn,j),a*,(£';m',j')] = S ee >5jj>S mm >6(^ - £') , 

{b e (t;m,j),b e ,(?;m',j')}=0 , (3.9) 

[ae(€;rn,j),a e >(€';m',j')\ = , 

[b e {S;m,j),a e .{e;m',j')] = [b e {£;m,j),at,(?;m',j')]=0. 

where {6, b'} = bb' + b'b and [a, a'} = aa' — a' a. 
We now introduce 

a e {m,j)(<fi)= a e (€;m,j)tp{£)<i£ ,a*(m,j){tp)= a*(£; m, j)tp{Qd£ , 

3 3 (3.10) 

b e (m,j)( V )= [ b e (bmJM£)dt ,bt(mJ)(<P) = I Kfc™J)<P(Q*$ ■ 



We recall that, for ip e L 2 (£j), the operators b e (m,j) and b*(m,j) are bounded 
operators on Sa™'"^ satisfying 

\\b\{m,j){y)\\ = \\y\\ L2 . (3.11) 

where 6" is b or b* . 

We now study the transformation rules of the annihilation and creation operators 

by r(LH m ^). 

By[15, Lemma 2.7](see also [14, thm 18] and [18, 4.54]) we obtain for / e i 2 (S J ) 

r(C?M(yl,a)K( m ,i)(/)r(i/W(A 1 a))- 1 - fl ;(m,i)(pW(Aa)/) (3.12) 

We now use the explicit notation (p, s) for £. 
Note that, for B € SU(2) , 

D j (B) = (D j (B~^))* (3.13) 
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(3.14) 



where T* is the adjoint of the operator T . 
By (3.10) and (3.12) we get 

T(U [mj] (A, a))a*(m, j)(f)T(U [m ' j] (A, a)) -1 

= E/ (r(^ [mJ1 (Aa))a:(p, S ;m,j)r(C/^(Aa))- 1 )/ s (p)d 3 p 

= £ | a ;(p, S ;m,j)(pW(Aa)/) 5 (p)(l 3 p. 

By (2.49), (2.50), (3.13) and (3.14) we easily obtain 
r(£M (i4) a))a * (P) s; m , j)r(LT[^ (A, a))- 1 

= E (^)^^^^y; m ,j) . (3A5) 

s' 

z is the complex conjugate of any number z . 
By taking the adjoint of (3.15) we get 

T(lM (A, a)K(p, s; m, j)r(C/ [m ^ (A, a))" 1 

s' 

(3.16) and (3.15) are the equations (5.1.11) and (5.1.12) given in [51] written 
down with our choice of the space-time metric (2.2) instead of the one used by 
S.Weinberg in [51]. 

By [14, thm 18] we also have 

T(U^ (A, a))bt(p, s; m, j)T(U^ (A, a))- 1 

= E (^l^^^^^^vg^p^^vji . (3A7) 

s' 

and 

T(U^ (A, a))b e (p, s; m,j)T(U^ (A, a))- 1 

=T.c-^y^ aMA)PD is^ (3 - i8) 



Note that, in (3. 12), (3. 14), (3. 15), (3.16), (3.17) and (3.18), A p is A^ or A" de- 
pending on the formalism we consider. It is important to remark that the operators 
of creation and annihilation both in the canonical and helicity formalism depend 
on the formalism we consider. 

We further note that 

c U [m ' j] {A,a) = D 3 (A c - 1 A H ) H U [m ' : > ] {A 1 a)D : >{A c - 1 A H )- 1 (3.19) 
In view of (2.17) we get 

A( X , = A(k A T H- ) 6)A( X , k)A(k A 6y l (3.20) 

IpI IpI IpI 

In view of (2.27) we set 

6 —4 2- ■ e \ 
e 2 cos 2 -e *=» sin J \ . . 

e^sinf e^cosf ) (3 " 21) 
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Combining (3.20) with (3.19) we obtain 

a^(p,s;m,j) = J2Di' s {(B^)- 1 )af*(p,s';m,j) 

s' 

af *(p, a; m, j) = £ D^(B^)af *(p, a'; m,j) 

(3.22) 

af(p,s;m,i) = ^D^ s (S^ T )af(p,s / ;m,i) 

s' 

af (p, s; m, j) - £ ^((B^)" 1 )^ (p, m, j) . 

s' 

and likewise for 6*(p, s; m, j) and 6 e (p, s; m, j). 

In the following we will omit the superscripts C and H for a" and 6" when the 
formalism that we are using is well determined. 

The construction of free causal fields associated with a massive particle of spin 
j depends on the knowledge of the irreducible finite dimensional representations of 
SL(2,C) that we now study. 

3.2. The irreducible finite dimensional representations of SX(2,C). These 
representations are well known. See, for example, [36] and [44]. Once again we 
shall follow the method used by S.Weinberg ( see [51, subsection 5.6] ) in order to 
construct such representations. 

Let us recall the Lie algebra of SX(2,C). 

Let Ji, i = 1,2,3, be the generators of the rotations and let Ki, i = 1,2,3, be 
the generators of the pure Lorentz transformations. 
We have 

[Ji, Jj] = iCijk^k • 

[J»,Kj] = ie ljk K k . (3.23) 
[K i; Kj] = -ieijkJk ■ 
where e^fc is totally antisymmetric with ei 23 = +1 . 

The generators Ji and Kj, = 1,2,3), satisfying (3.23) generate the Lie 
algebra of C and SL(2, C). 

In a given finite dimensional representation of the Lie algebra of SX(2,C), 
c -« (X:; = i n -h) j s representation of a lift in SX(2,C) of the rotation of axis 
n = (n 1 ,n 2 ,n 3 ) and angle 9 and e~ lx ^' =1 m Kl ' is the representation of a lift in 
5L(2,C) of the pure Lorentz transformation in the direction m = (to 1 , to 2 , to 3 ) 
and with rapidity v — th\- Here Ji and Ki, I = 1, 2, 3, are the representations of 
J/ and K; . 

We now introduce 

Mij = —Mji = CijkJk 

M i0 = -M M - Ki (3.24) 
Moo = = 0. 
Equations (3.23) and (3.24) then read 

[M^, M pa ] = {(g^M^e + g^M^ - j ra M w - g w M vl7 ). (3.25) 
where H,v,p and a run over the values 0,1,2,3. 
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Note that 

M„„ = -M„„. (3.26) 

The generators M^, (/i, f = 0, 1, 2, 3), satisfying (3.23) and (3.24) generate also 
the Lie algebra of SL(2, C) . 

Any A £ SL(2, C) can be written down in the following form 



where 



Mij - -Mji — e ijk -^- (3.28) 
M i0 = -M 0i = iy. 
In the case of a lift in SL(2, C) of a rotation of axis n and angle 9, we have 

u ij =e ijk n k e ,u i0 =0. (3.29) 

and, in the case of a lift in SL(2, C) of a pure Lorentz transformation in the direction 
m and with rapidity v = tanhx, we have 

u/° = m l x = 0. (3.30) 

In view of (3.27) and (3.28) we have, for any A £ SL(2, C), 



J i = y and Kl = i y 



We now introduce for j = (1, 2, 3) , 



(3.31) 



Aj = o( j j +* k j) • 



^ = -(J,-zK,) 



(3.32) 



2 V 

We have 

[Bi,Bj] = ie l]k B k . (3.33) 
[Ai,Bj] = . 

By (3.33) the irreducible finite dimensional representations of SL(2, C) are char- 
acterized by a couple of two positive integers and/or half-integers (Ji, J 2 ) represent- 
ing the spins of two uncoupled particles. The generators of the spin J\ are denoted 
by J^' ', 1 ^ and likewise for the spin Ji- The associated representation 
of SX(2,C) will be denoted D^ Jl ' j2 \.) where £>[ Jl - j2 ](A) is a matrix defined on 

(Q(2Ji+l)(2J 2 +l) 

j(i) 

are represented by the standard spin matrices for spin J 1 . We have 

(j^^^Mi.M.' = Mi£ M M ' 

(3 34) 

± iri 1] ) Ml ,M[ = S M uM>±iyfji(Ji + 1) - M[(M[ ± 1) . 
where Mi, M[ e (- Ji, - Ji + 1, . . . , Ji - 1, Ji) and likewise for . 
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The matrices of A. and B. with respect to the tensor product of the canonical 
basis for the spins J\ and J2 are now given by 

{■A.)m 1 m 2 ,m> 1 m! 2 = <5m 2 ,m^(J~. (1) )m!,m; , (335) 
{B.)m 1 m 2 ,m' 1 mi 2 = $m 1 ,m[(<J.^)m 2 ,m^ ■ 

We have 

M' 2 ■ ,„ „„s 

(K.)miM 2 ,M;M^ = —i&M 2 ,M! 2 {J^ r> )M 1 ,M' 1 + i<>M 1 ,M' 1 {J^)M 2 ,M! 2 ■ 



Note that, for B e SU(2), we have 

-)lh-,h] (B) = ^ 

M 1 M 2 ,M{M^ 2J ^ M±,M[ \ I M 2 ,M. 



d[ m:mL'm'( B ) = D*AB)D J 'AB) . (3.37) 



3.2.1. Computation ofDl Jl < J ^(A$). It follows from (2. 16), (2. 23), (2. 25), (3. 27), (3. 28), (3. 30) 
and (3.31) that 



= £)[Jl,J2]( e -xEf=li^(-*I-B|)j _ 

where, by (2.23), we have e x = ^ + M = Je!±£e . 

" J v ' ' m m m 

By (3.35) and (3.38) we now get 

]~)[Jl,J2] I aC\ 

1J M 1 M 2 ,M[M^,\ I± p > ~ 

n - IpI+^p s ^3 v l T-(l), , <-T „ IPl+"P 1 v^3 P ! 7 <2) 

( e -d»— )E tlF J, )M 1 M((e (Ln ^^ )Ei = 1 TpT^ ) M2M , 



(3.38) 



(3.39) 



3.2.2. Computation of D^ h - h \A^). Recall that 5_e_, given by (3.21), is a lift in 
5L(2,C) of the rotation of axis k A and angle 0=(k, yEy) where k is the unit 
vector of the third axis. By (2.14), (3.27), (3.28) and (3.29) we have 

B^ = e " iarccos M(-WT+HT), (340) 

According to the helicity formalism we have 

<=^fp°,o,o,| P |) (3-41) 

By (3.34) and (3.39) we get 

n [Ji-.-h] , & C \ _ / IPl +"p q4-M,\ r , (o An\ 

U M 1 M 2 M' 1 M^ A (p a fifiM)> ~ \ — ) 1 0m 1 M[Om 2 M^ ■ («5-42) 

By (3.37), (3.41) and (3.42) we finally get 

f)[Jl,J2] I AH\ 

± ^M 1 M 2 ,M[M^\^p 1 ~ 

where 

D j, (Bp) = c - 4arccos fpT(-fpT J i +fpT J 2 ),/ = l,2. (3.44) 



(3.43) 
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3.3. Free causal fields for a massive particle of spin j. 

Consider a particle of mass m > and spin j. Let (Ji, J 2 ) be two spins such 
that 

\Ji- J 2 | <j< J! + J 2 . (3.45) 
One can prove the existence of unique causal free fields denoted by ^ ^Mi'mJ'^ 2 ') 

Mi e (- Ji, - Ji + 1, . . . , Ji - 1, Ji) and M 2 G (- J 2 , - J 2 + 1, ■ • • , Ji - 1, J2) and 
where j)=C or iJ and e = ±, involving particles and antiparticles. 
Set 

V [m <A (A, a) = U [m <tt (A, a) ® U [m ^ (A, a) (3.46) 

The causal free fields have to satisfy the two fundamental conditions: 

(a) The relativistic covariance law: 

(T(V [m ' j] (A, a)))( t ^ l ^lf 2 e )(x)(T(V [m ' : > ] (A, a)))" 1 

= E ^M^W^mA^ + a) . (3-47) 

where i£l 4 

(b) The microscopic causality in the bosonic case: 

and 

(c) The microscopic causality in the fermionic case: 



Mi 



(3.48) 



— 1 w MiM 2 W' m; - u 



(3.49) 



for x-y space-like. 

From now on we restrict ourselves to the case of a massive boson of spin j. We 
suppose that the massive boson is not its own antiparticle.The case of a massive 
fcrmion is strictly similar and we shall omit the details. Moreover when a particle is 
its own antiparticle the results are an easy consequence of what it follows. 

Mimicking [51, chapter5] we set 



(!^l ,e )W 



(3.50) 



and 



\2 i MiM 2 >y x > 



= E/ d3 p(* w MiM^)(z;p> s ; m >jK'(p> s ; m >i) • 



(3.51) 



Here e/e'. 

(i Tl MiM 2 ]e )( x ) and (I t[ MiM 2 ]€ )( x ) are supposed to satisfy (3.47). 
For simplicity we now omit the superscripts [Ji, J 2 ]e, [Ji, J 2 ]e' and [Ji, J 2 ]. We 
will finally give the complete formulae later. 
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Combining (3.15) and (3.16) with (3.46), (3.47) and (3.50) we obtain 
(jXaSv^Y E ^M 1 M 2 M(M^A)(e-- A ^)(» UM(M ,)(a ; ;p,5;m,i) 

^ ^ 'P' M[M 2 

= E D i>s( A MA )P ) AA l)( tu ^M 2 )(HA)x + a; p A(A)p , s'; m,j) . 

s' 

and 



(3.52) 



( a^J E ^M 1 M 2 M(M^A)(e- A ^)(» t ; M( M^(^;p, S ;m ) i) 



(3.53) 



E(^' S (4(A)p)^4))(^M 1 M 2 )(A(A)x + a ;p A(A)p , S ';m,j) . 



By (3.52) and (3.53) with A = 1 and for any a e R 3 , *«MiM 2 (s;p,s;m, j) and 
t v Ml M 2 (x; p, s; m, j) have the form e" , °' I ( , ii Ml M 2 )(p, s; to, j) and e w - a; ( s t;M 1 M 2 )(p, s; to, j) 
respectively . 

Following the convention in Physics we set (see [51, chaptcr5]) 

('« Ml M 2 )(i;p,s;m, j) = (2ny 3/2 e- lp - x ( t u Ml M 2 )(p,s;m,j) (3.54) 
( tt «AfiAf 2 )(a:;P,s;TO, j) = (2n)~ 3/2 e lp - x ( t VM 1 M 2 )(p, s;m, j) . (3.55) 
This, together with (3.52) and (3.53), yields 



i 

( (A(A)v)° ) 2 E D M 1 M 2 M[M^A){ i u M[ML ){p,s;m,j) 

= J2 D s's( A> A(A)p) AA l)( iu M 1 M 2 )(PA {A )p,s';m,j) . 



(3.56) 



and 



o I 

{ (A(A)v)° ) 2 E D M 1 M 2 M' 1 M^ A )( i v M [M0(p,s;m,j) 



(3.57) 



^(^ s (47A) P )^4))(^M 1 M 2 )(PA(A) P ^';m,j) . 



Letting p = fc m , where fc m is defined in (2.19), and A = A$ p with p <G Vt m in 
(3.56) and (3.57) one easily shows that 

( Su mVm 2 )(P' s ; to '-?) 



Mi M 2 > 

(3.58) 



and 
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(^K 2 ] )(p,s;m,i) 

- (H}* V D [Jl ' J2] (A*)(tv lJl ' J2] )(Q s-m i) (3 - 59) 

P M' 1 M! 2 

where we have introduced the superscript [Ji, J 2 ] again and where %=C or i7 . 

By using (3.56) and (3.57) with p = and A <= SU(2) S.Weinberg shows that ( 
see [51, section5.7]) 

-1 1 

C«SiS)( ' s 5 = (^Yi-Ji-hjsl^M^A'h) (3.60) 

(h [ ^)(0,s;m,j) = {-lY + '(tu l £fil)(0-r,m,j) . (3.61) 

where (Ji J2j's| J1M1 J2M2) is the Clebsch-Gordan coefficient in the notation of 
A.R.Edmonds ( see [17]) .The Clebsch-Gordan coefficient vanishes unless s — 
Mi + M 2 so that we have 

{JiJ 2 js\JiM 1 J 2 M 2 ) = (JiJ 2 js\JiM 1 J 2 M 2 )S sMl +M 2 - (3.62) 

j is of the same type, integer or half-integer, as J\ + J 2 and |Ji — J 2 \. 

It follows from (3.39), (3.58), (3.59), (3.60) and (3.61) that, for the canonical 
formalism, 



( C «MiM 2 ] )(P,s;™,j) 

M 2 M' 



= V ((e (ln ™ )^=iw^ ) MlM{ (c ln ™ )5-i=npr^i 

V 2CJ P M{M 2 

x (JiJ 2 i S |JiM{J 2 M^)). 
and 



(3.63) 



( C v [ ^)(p,s;m,j) = (-iy+ s ( c u^)(p,-s;m,j) . (3.64) 
By (3.43) we now get for the helicity formalism 

(N£^)(p,w) 

= 77^= E (^W%)^m 2 m 2 (% 



2^7- Z-^i y m iM ;v ^ m 2 m 2 v w j (3 65) 

p M{M 2 V ; 



x (^^^-^(J^js^MiJ^)). 
m 



and 



( ff «K ] )(P.*;»»,i) = (-l) j+s ( H u [ ^ ] 2 )(p,-s;m,j) . (3.66) 
Together with (3.50), (3.51), (3.54), (3.55), (3.63), (3.64), (3.65) and (3.66) we now 

set 

**K 2 l£ (-) = «( B iTi£g e (0) + /3(^K 2 l£ (-)) (3-67) 
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^mIm^ 3 ") satisfies the relativistic covariance law given by (3.47). In order to 
verify the microscopic causality condition given by (3.48) S.Weinberg has carefully 
shown that one must have \a\ — with 

/3=(-l) 2 'Na ,M = 1 (3-68) 

7 is the same for every field for a given particle. 

a and 7 can be eliminated so that we finally obtain in the bosonic case when 
j E N and in the case of the canonical formalism 



C^[Ji,J2]e ( n 
*MiM 2 W 

^w-E/d 3 p(^( E (e- (ln ^ E) ^^^ (1, )M 1 ,M ( 

s J \V ZUJ P M{Mj 

|p|+u<p,„3 pi _(2) \ 

(e( ln ^^)E !=1 M ^ )M 2 ,M i (JiJ 2 js\JiM[J 2 Mty x 
e-^a^p^m,.?) 

+ (-1)^ 1 ( J2 (e-P-^E?.,^)^ 
(e (ln -s- )E '=i ) Ma M , x (JiJ 2 j(-s)\JiM[J 2 Mty x 

We also have 

^MiM 2 W 

x (e (in^p)Ef =1 m^ (2) ) M2 m^(Ji^Js|JiM{ J 2 M^)) 
(e-*-*a e (p, «; m, j) + (-l) 27 ^'" V^a^P, -a; m, j)). 
On the other hand we obtain in the case of the helicity formalism 



(3.69) 



(3.70) 



= (2*)-i£ / d 3 p(-^( E <,m;(^)<,m^) 

a J \V^P AfJM 2 

( Mi^ ) M 2 -M i(JiJ2is|JiM / j2M , ) N e -ip.x ae(P)S;m)j) 

m / 
+ (- 1 ) 2J2+J+S 7t( E <,m;(%X,m,(%) 

V p M{M 2 

(^^) M ^ Mi (JiJ 2 j(-^)kiM(J 2 M^))e^ a: a:,(p, S ;m, J )) • 
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We also obtain 

Hy[Ji,J2]e ( \ 



= (2*)-iWd»p-^=( E (e-*—^-^ + ^) UiUl 



(e-^-a^p, «; m, j) + (-1) 2J2 +^ V^a e * (p, -a; m, j)). 

(3.72) 

Similarly, in the fermionic case when j e N + 1/2, we obtain in the case of the 
canonical formalism 



(ePn-s-)!^. TpT^ ) M2iM ,(J 1 J 2js |J 1 M{ J 2 M^)Je-^6 e (p, S ;m, j) 
+ (-!)»■*+'+• 1 ( ^ (e^^^^V^; 



2w p m;m^ 



(e (in^)Ef =1 ^^ (2) ) M2 ,M'(JiJ2.?(-s)|JiM{J 2 M 2 ))e^-6:,(p, S ;m,j) ) . 



(3.73) 

We also get 

(3.74) 

. |p|+u<p._3 p l (2) \ 

x (e^-sJ-^'^TpT" 7 ' ) M2 M i (JiJ2js\JiM[J 2 Mty 
(e-^ x b e (p, s; m,j) + {-l)"' + *-'j*-*b* e ,{p, -s; m, j))) . 
and in the case of the helicity formalism 

x (^^) M ^ M :(J 1 J 2 j S |J 1 M{J 2 M^)e-^6 £ (p, S ;m, J ) 
m / 

V p m ;m 2 

x (^^) M ^ M :(J 1 J 2 ^-s)|JiM{J 2 M^))e^6:,( P , S ;m, J )) • 



(3.75) 
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We also have 

V M 1 M 2 \ x ) 



= w f E/^( E ( e - rccos - ( -- Jl(1,+ - j2<1)) )M 1 M ; 

J W ZWp 



m;m 2 

(e- iarccos w(-w^ (2>+ f^ 

(e-^6 e (p, «; m, j) + (-l^+'-e*^, (p, -s; m,j)). 

(3.76) 

Remark 3.1. 7Vo£e t/iat i/ie construction of the fields '^^'//^W involves an 
irreducible representation of SX(2,C) o/ /imie dimension. From a physical point of 
view, in particular in the case of an interaction invariant by space inversion, it can 
be more convenient to construct such fields associated to a direct sum of irreducible 
representations of finite dimension. For example the Dirac field for a particle of spin 
1/2 is based on the representation [|, 0] © [0, \] .In particular the two cases [j, 0] and 
[0,j] are important(see [46] J. 

3.4. Two particular cases: [j,0] and [0,j]. 

In the bosonic case when J x = j e N and J 2 = we have (j0js\js'00) = <5 S;S / for 
the Clebsch-Gordan coefficient and from (3.68) and (3.70) we obtain 

c *^(x) = (2*)-* Yl I d 3 p(^(e-( ln ^ £ )^- 1 W^) ss , 
e-*-*a £ (p, m, j) + ^^(e" (ln ELl ^ ).(_,,) (3.77) 



(-iy+-'e i "- !B a;,(p,* , ;m,j))) . 



where / = 1,2,3, are the generators of the rotations in the representation 

&(.) of SU(2). 
We also have 

= (2*)-t£ / d 3p 1 (e-P-^)^-^^).., (3J8) 

s' VP 

(e-^a e (p, S ';m,j) + (-l)'-»>-* ;,(p, m,j)) . 

and 

H *M*(x) = (27r)-i^ / d 3 p( / ^^(e- iarccos w(-M^ , + M^ , )) ss , 

Ap\ + UJ p ,-s' _ i . , .. 1 / _ iarccos ^(_^ i 70') + pij-0'))N 

( -) e ip - x a e (p,s';m,j) + — ==(e ipi^ 1 ^ipi^ 2 ; ) , . 

m 7 A/2wp <- j 



(^) s Vif +s v^«:(p, s >,j)) 



(3.79) 
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We also get 



(3.80) 



(^^ E ) S \e-^a e (p,s^m,i) + (-iy- s 'e^a:,(p,- S ';m,i)). 



In the fermionic case when j e N + 1/2 we obtain 



Pl + "P N V^3 



^.0]e (a;) = (27r) -|^| d 3 p ^ 1 (e - 

(_l)j+-'e*-^*(p, a '; ro ,j))) • 



J^=iTpT^ )„, 



(3.81) 



We also get 



c fp' f (x) 

(e-^6 e (p,s';m,j) + (-l)^ s >*&:,(p, m, j)). 



(In m )E !=1M ^ )ss , 



(3.82) 



and 



(MJ^)-V^( P , S ';m,;)+ 1 ( e -<«~» £<-fi^ , +fi^ 0, >) 

( ipj±^p )S ' ( _ 1)J+S ' e - ip ., 6:(P)S/;m)j) ^ 



(3.83) 



Also 



.i arccoB jd(_^ <7 o)+^ r<7 o))x 



(3.84) 



( kpK^p ^ ( e -i P .x 6e(p) s /. TOj ?) + (_i)J-' e *-x 6 * ( p , _ s ' ; m , j)) . 



In the bosonic case when J2 = j e N and Ji = we have (0jjs|00js') = <5 S;S / for 
the Clebsch-Gordan coefficient and from (3.68) and (3.70) we obtain 



A MODEL IN QUANTUM FIELD THEORY FOR ANY SPIN 



23 




24 



J.-C. GUILLOT 



and 



H ¥^(x) = (2tt)-* V / d 3 p( ^ = (e-" rccos w(-f^^ (3, + f^^ (3, )) ss/ 
(^^)- s '(-l) 3 ^'e-^6:(p,a';m,i)) . 



(3.91) 



and also 



= (27r)-i^ / d 3 p-^(e- iarccos W ( -^^ 3, + ^^ ,) ) ss , 

s i VP 

( M±^P) s ' (e -^6 e (p, S ';m,j) + (-l) 3 ^'e^6:,(p,- S ';m,i)). 



(3.92) 



4. Free causal fields for a massless particle of any finite helicity 

In this chapter we introduce the construction of free causal fields for massless 
particles of helicity j by still following the formalism of S.Weinberg in [4 7], [48] and 
[51, section 5.9]. Note that the construction of free fields for photons and gravitons 
is not included in this approach. See [49]. Photons and gravitons are properly 
associated with potentials instead of fields. The approach that we now follow will 
be adapted to massless fermions as neutrinos and antineutrinos in the Standard 
model. 

Let (resp.^a') be the bosonic (resp. fermionic)Fock space for massless 
bosons(resp. massless fermions) of helicity j. We have 

#=0(CoCi 2 (K 3 )) • (4-1) 
where ®" denotes the symmetric n-th tensor product and (gi^L 2 (£.,-) =C, and 

5^0(CoCi 2 (K 3 )) • (4-2) 

where ®" denotes the antisymmetric n-th tensor product and £g)°L 2 (£j) =C. 

In the case of N bosons and N fermions with helicities (ji)i<i<N the correspond- 
ing Fock spaces, denoted by and $i N ^ respectively, are given by 

¥ s N) =(g)$ l J i] (4.3) 
»=i 

and 

N 

$i N) =<g)& ] (4-4) 

i=l 

The unitary irreducible representations of V induce two unitary representa- 
tions of V in ^ and Each representation is T(U^). 
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a e (p,j) (resp. a*(p, j) ) is the annihilation (resp. creation) operator for a massless 
boson of helicity j if e = + and for a antiparticle of helicity j if e = — . 

Similarly, 6 £ (p, j) (resp. 6*(p, j) ) is the annihilation (resp. creation) operator for 
a massless fermion of helicity j if e = + and for a antiparticle of helicity j if e = — . 

The operators a £ (p, j) and a*(p,j) fulfil the usual commutation relations (CCR), 
whereas b e (p,j) and b*(p,j) fulfil the canonical anticommutation relation (CAR). 
See [51]. Futhermore, the a's commute with the b's. 

In addition, in the case where several fermions are involved we follow the con- 
vention described in [51, sections 4.1 and 4.2]. This means that we will assume 
that fermionic annihilation and creation operators of different species of particles 
anticommute for both massive and massless fermions. 

Therefore, the following canonical anticommutation and commutation relations 
hold for a couple of massless particles with helicities j and j' ^ j together with a 
massive particle with m > and spin j. 

{b e ( P ,j),b*Ap',j)} = ^s(p-p') , 

[a e (p,j),a*,(p',j)] =<W<5(p-p') , 
{bl(p,j),bl,(p',f)} = 0, 

{bl(Z;m3),bl,(p,j')} = , (4.5) 

[a»(p,j),4(p',j')]=0, 

[bUp,j),4,(p',f)}=0, 

[6»K;mJ) ) o",(p',j)] = 0. 

where a"(resp.6") is a(resp.b) or a* (resp.b*). 
We now introduce 



ft e(j)(^) 



/ «e(pj>(p)d 3 p , a*e(j){<P)= <(P,jMp)d 3 p 
b c {j)(!f)= [ Mp,jMp)d 3 p, K(j)(<p)= [ 6:(p,. 7 >(p)d 3 p . 

JR3 JR3 



(4.6) 



Moreover, for ip e L 2 (R 3 ), the operators b e (j) and 6*(j) are bounded operators 
on & a satisfying 

\\b\{3)^)\\ = Ml- ■ (4-7) 
From now on we only consider the helicity formalism because it is very useful in 
Physics. 

Furthermore we restrict ourselves to the case of a massless fermion of helicity j 
and we suppose that the massless fermions we consider are not their own antipar- 
ticles. 

In that case S.Weinberg (see [47, 48], [49, (2. 15), (2. 16)] and [51]) has shown that, 
if we construct a causal field for a massless particle of helicity j by mimicking 
the construction for a massive particle of spin j, the associated causal field can 
be constructed only with the annihilation for the massless particle of helicity j 
and the creation operator for the antiparticle with helicity — j. Moreover only 
the representations (Ji, J2) of SX(2, C) such that j = J 2 — J\ are involved in the 
construction. 

It follows that, if a massless fermion of helicity j is not its own antiparticle, the 
helicity of the antiparticle is — j. 
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The massless fermion of hclicity j is associated to the unitary irreducible repre- 
sentation and its antiparticle to the unitary irreducible representation U^~^. 
Let 

UM\ = c/bl e (4. 8 ) 

Let (Ji, J 2 ) be two spins. For every Mi e (— Ji, — Ji + 1, . . . , Ji — 1, Ji) and for 
every M 2 € (— J2, — J2 + 1, • • ■ , Ji — 1, -h) we look for causal free fields, denoted 
^ (^ > m m' C ( x ) ) > involving particles and antiparticles and satisfying the two 



. " MlM2 ' V Ml M 2 

fundamental conditions: 

(a) The relativistic covariance law: 

F(^[^l(A,a))(< 1 i ^ 2 le )(a ; )F(L7[^](A,a))- 1 

= E <M: 1 M;M^^ 1 )(< 1 ; ^ le )(A(^ + «) J (4 - 9) 

M(M 2 

where i£l 4 . 
and 

(b) The microscopic causality 

{<^>),<V^ £ (W)> = {*SM a l£ W.*K ]£lt (tf)} = . (4.10) 

for x-y space-like. 

As in [48, 3.47] and [51, section 5.9] we set 

(<'M 2 ]e )(*) 

= (^ / d 3 p(a(^ i 'M 2 1 )(P>i)e- ip - 3; ^(p,i) (4-11) 

where e^e'. 

We now study the transformation rules of the annihilation and creation operators 
by T(U [ ^ n ). By [48] and [51, section 5.9] we easily get 

T(U^(A,a) © J)6 e (p ,i)r([/M(i,a) © 7)" 1 



r(t/^ (A, a) 8 J)6*(p , j)r(E^ (A, a) © I) -1 
= (^^) i e-- A ^^((Ai (A)p) - 1 ^)6:(p A(A)p ,j) 



(4.12) 



(4.13) 



r(J © (A, a))b* e , (p , -j)T(I © C/I-^'l (A, a))" 1 

= (^^)" eia - A(A)p ^'((^(A) P )- 1 ^)^(PA(^ • (4 ' 14) 

and 

T{I © f/I-^'l (A, a))b e , (p , - j)r(J © U [ -A (A, a))- 1 

= (^Wi'KAUr 1 ^)^^ >-;) • (4 ' 15) 
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From now on we omit the superscript [Ji, J2]. We shall introduce it again later 
on. By (4.9), (4.11) and (4.12) we obtain, for A e SX(2,C), 



(1 — - — r) 2 5jv/iM 2 mj (^)"m; (p ,j) 

M[M> lPA(A)pl 

= ^((- 4 A(A)p) _1 ^p) M M 1 M 2 (p A (A)p J) ■ 



and by (4.9), (4.11) and (4.14) we get 



(4.16) 



(i — - — |) 2£, m 1 m 2 m{m^(^)um{m^(p 
M , M , IPA(A) P I (4. 17 ) 

= ^((^A(A)p) _1 ^p) u M 1 M 2 (PA(A)p >-j) • 

Setting p=fc we then get 



(4.18) 



UMiM 2 (P,j) = (|p|) ^ ^ £>MiM 2 M(M^(^p)WM(M 2 (ko,j) , 
W Ml M 2 (p, -j) = (|p|)~* X! D M 1 M 2 M[M 2 {A 2 p )v M [M^ (k , -.?') • 

Recall that is given by (2.44) . 

4.1. Computation of u Ml M 2 (k ,j) and % lM2 (k , -j). 
Let A v be the following rotation 

^=C"o ¥ J*) < 4 " 19 > 

We have 

A(A v )fc = fc , 

(^A(A v )fc ) _1 ^< = A ^ ' (4.20) 

Combining this with (3.27), (3.28), (3.31), (3.34), (3.37), (4.16) and (4.17) we eas- 
ily get 

e-^u MlM2 (k ,j) = e-^+ M ^u MlM2 (k ,j) , 

e-^ Ml M 2 (ko, -J) = e-^< Ml+M2 ^ Ml M 2 (ko, -j) . ' ""' "' ' 

This proves that WMiM 2 (ko,j) and Vm 1 m 2 Q s -o,— j) are different from zero if and 
only if 

Mi + M 2 = j (4.22) 
Let A z be the following transformation 

A z =(\ f) (4.23) 



We have 
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A(A z )k = k , 

(^(A a)fe0 )- 1 ^<=^ 



(4.24) 



We get, for z = A + 



A(A Z ) 



A 1 



2 

-A 

-fi 1 /i 
By (3.27) A z is the transformation 



(4.25) 



e -i(A(Mio+Mi3)- ( u(M 2 o+M23)) 

Here M 10 , M 13 , M 20 and M 23 are given in (3.28). 
This yields 

It follows from (2.37), (4.16), (4.17) and (4.24) that 

u Mi m 2 (k , j) = 53 D m\m\m> x m> 2 ( a z) u mim> (k , j) 



(4.26) 
(4.27) 



VM, 



lM2 (k ,-i)= D M 1 M 2 M' 1 M 2 ( A ^ V MiM 2 {U,-j) ■ 



(4.28) 



By (3.24) and (3.32) we have in the representation associated with D^ Jl ' j2 ^ 
Mio + M 13 = -i(Ai - Si) - {Ai + B 2 ) , 
M 20 + M 23 = -i(A 2 - B 2 ) + (Ai + Si) . 

By (4.26), (4.28) and (4.29) we have 

53 ( - *Ml - Si) - (^2 + ^2)) MlM2M{M ,W M;M - (k ,j) = 



(4.29) 



53 ( - i(A 2 - B 2 ) + (A! + Bi)) MlM2MlMi UM<M>(ko,j) = 

M[M 2 

By (3.34) and (3.35) we get from (4.30) and (4.31) 

53 ((^2 (1) +ij[ 1) )M 1 M' 1 U M ' 1 M 2 {^Q-,j) + 
53(^2 2) ~ ij[ 2) )M 2 M' 2 U Ml M^Q-,j)) = • 



(4.30) 
(4.31) 



(4.32) 



M' 



53 +^ 2 (1) )M 1 M;MM;M 2 (ko,.j')+ 
m; 

53(^^i (2) " iJ 2 2) )M 2 M 2 u Ml M 2 (ko, j)) = . 



(4.33) 



ML 
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It follows from (4.32) and (4.33) that 

]T(J! (1) - ^ 2 (1) )MiM(«M(M 2 (ko,j) - . (4.34) 
M[ 

J2(ri 2) + ^2 (2) )M 2 M^M 1 M^(ko,j) = . (4.35) 

M 2 

In view of (3.34), (4.34) and (4.35) um 1 m 2 (^o, j) is equal to zero unless 

M 1 = -J 1 ,M 2 = J 2 . (4.36) 
By (4.28) the same is true for Vm[m 2 (ko, — j) and by (4.22) we must have 

j = J 2 - Ji (4.37) 
We finally set by applying the normalization used in Physics 

u Ml M 2 (k , j) = v M [m 2 (k , -j) = S Ml - Jl 5 M2 ^j 2 2 Jl+j2 ^ 1/2 (4.38) 
This, together with (4.18), yields 

u Mi m 2 (pj) - v Ml M 2 (p,-j) = (mr h D [ M; M 2 l-j 1 j 2 ( A l) • ( 4 - 39 ) 

In view of (2.43) and (2.44) we obtain in the representation D^' ll,j2 \.) 

D^' J ^(A 2 p ) = D^ Jl - h \B_^c- nn ^^) (4.40) 

where is given by (3.40) . 

This, together with (3.34), (3.36) and (3.37), yields 

<;mI { -j^I) = |p| Jl+J2 « ( _, 7l) (B^X, 72 (S^)) • (4-41) 
Combining this with (3.44) and (4.39) we then get 

^(pj) = tfegfe, -j) = (2| P |) Jl+J2 - 1/2 

\ ' /Mi(-./i)V c ' ' )M 2 J 2 ■ 

In [47] two particular cases are considered. For a left-handed particle with helicity 
j < one can choose J2 = and J\ = —j = \j\ and we have 

u [ - j > 0]+ (p,j) = (2|p|)l^- 1 /2(e-- rccos w(-W^ ) +M^ < " 3) )) s . . (4.43) 

where s = (-\j\,-\j\ + 1, • • • ,\j\-l,\j\). 

For a right-handed particle with helicity j > one can choose J\ — and J2 = j- 
We then get 

4 0J]+ (P,.?) = (2|p|)^ 1 / 2 (e- 4arccos M(-W^ ) +W- 7 " ) ))^. . (4.44) 

where s = (-j, -j + 1, • • • , j - 1, j). 
This gives for a neutrino 

where ,s = —1/2, 1/2. and for an antineutrino 

r (l/2) j_ T (l/2) 

'm I 2! 

where s = -1/2, 1/2. 



(4.42) 



u [-lA0] + (pj _ 1/2) = ( e -iarccos^(-^^ ' > + faj} ' ')) . (4.45) 



u [0,l/2] + (pjl/2) = (c -,a r cco sf ^(- fkJ r / ^ + fk^ 1/ ^)) . {AM) 
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In order to satisfy the microscopic condition (4.10) with u^imJ (p> j) an d v m\'m} (p> 
given by (4.42) S.Weinberg has shown in [51, section 5.9] that we must have \a\ = 
and that we can choose a = f3. 

Thus, up to an over-all scale of the field, we finally get 

(*&B e )(») = (^) f /d 3 p(2|p|)^+^-V2 

( iarccosf^-f^' + f^'h / -i arccos ^(-^W + ^tf^ (4.47) 

(e-^6 e (p,i) + e^6:,(p,-i)) . 

where J2 — J\ = j ■ 

For a left-handed particle of helicity j < we get 



($[^°]+)( a ;) - I d 3 p(2| P |)-^ 1 / 2 (e- 4arccos M(-W J ^ 3, + M^' ) )) 

(e- i r- x b + (p,j) + c^b*_(p,-j)) . 

where s = (-|j|, + 1, • • • , \j\ - 1, |j|) 

For a right- handed particle of helicity j > we obtain 

= )i / d 3 p(2| P ir i / 2(c — rC c OSfi i(- fi i^» +f ^^») ) 

(e-^b + (p,3)+c^b*_(p,-3)) . 

where s = (-j, -j + 1, • • • , j - 1, j) 
For a neutrino we get 

(*[-VW)(x) = (i-)I / d 3 p(e— £(-f^ + f^)) s( _ i/2) 

(e-*- x 6+(p,-l/2) + e*- x 6*(p,l/2)) . 
and for an antineutrino we obtain 

($l°' 1/2l+ )W = (^)* / d 3 p(c— s ^ ( -^- + ^- } ) s(1/2) 

(e-^6 + (p,l/2) + e^6*_(p,-l/2)) . 
Here s = (1/2,-1/2). 

5. Definition of the model 



(4.48) 



(4.49) 



(4.50) 



(4.51) 



We consider a model which is a generalization of the weak decay of the nucleus 
27 Co into the nucleus 28-^** > e ~ an d v e . 



™Co^l° s Ni* + e~ +V e (5.1) 

Spin^^Co) = 5 and Spin^^iVi*) = 4. In this decay parity is not conserved. 

Our model involves four particles : two bosons of mass mi > and spin j\ and 
of mass TO2 > and spin j 2 respectively, a fermion of mass 771,3 > and spin j'3 and 
a massless fermion of helicity — j'4 which is the antiparticle of a massless fermion of 
helicity j'4 < as it follows from the conservation of the leptonic number. 
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Set = (pj, Si) for each i = 1,2, 3, i.e., for the massive bosons and fermion.We 
have, for each i = 1, 2, 3, / d£j = J^ s . / d 3 p,. 

For the massless fermion we set £ 4 = (p 4 ,j 4 ) and £ 4 = (p 4 ,— j&) with J d£ 4 = 
Jd 3 p 4 . 

The Fock space of the system is 

d = $ l r uJl] ® 5l m2j21 ® Si™ 3 ' h] ® ^L" 341 (5.2) 

f2 shall denote the vacuum in J. 
The free Hamiltonian TJo is given by 

2 

#0 = ^2 I ' w \&) a +(& m *Ji) a +(& m *Ji) d &+ I ' w 3 (£ 3 )b* + (£ 3 ;m 3 ,j 3 )b + (£ 3 ;m 3 ,j 3 

i=l 

+ J w 4 (U)b*M 4 )b_(U)dU (5.3) 

The free relativistic energies of the massive bosons and fermion and of the mass- 
less fermion are given by 

w i {^) = {\Vi\ 2 + m1) 1 '\i = 1,2,3 (5.4) 
w\^) = |p 4 | (5.5) 

From now on we suppose that 

mi > 777-2 > ma 

(5.6) 

mi > m 2 + m 3 . 
H is a self-adjoint operator in 

In the interaction representation the formal interaction, denoted by Hi(t), is given 

by 

fli(i) = y d 3 x-H(t,x) (5.7) 
The S-matrix will be Lorentz-invariant if 

T(U(A, a))H(x)T{U{A 7 a))- 1 = H(A(A)x + a) (5.8) 
lH(x) 7 H(y)]=0,(x-y) 2 <0 . (5.9) 

The general form of of %{x) in terms of the causal free fields is given in [51, 
(5.1.9) and (5.1.10)]. 

By (3.63) and (3.65) we get for each i = 1, 2, 3 

( c «Mi' J i i)K ' ;m " i ' ) 



(e in^^)Ef =1 w^ ,,2) ) M , Mr .(jiJij iSi |JiMijM))- (5.10) 
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_J_( y ( |Pil+^ ) M»'-Mf (e -ia r cco S ^ T (-^ T ^ 1 ) + ^^^>) ) 



Ml' M^' 



(e-™^-^' 2 +^' 2 )) m ^, (jjj^ Si |jjMi' J«M*')). (5.11) 

Here J* and M' are associated to the spin of the particle i. J^-) are the 
generators of the rotations in the representation D J - (.). 

For the massless fermion we only consider the helicity formalism and, by (4.42), 
we set 



(e — ^-^r^^r^ (5 . 12) 



where J 4 and Mf are associated to the spin of the massless fermion. 
J7_( 4 '-) are the generators of the translations in the representation D" '■ (.). 
By (3.70) we now set for the massive bosons, i = 1,2, 

\^ J j}(x) = (2tt)-* /^("u^Jte^.jOe-^-^+te^.jO- (5-13) 

12 J 12 

and, by (3.76), for the massive fermion 

Wy4 I(a;) = (2?rri / d ^(*^v4 1)fe;m3 ' j3)e "* P3 ' X6+te;m3 ' i3) - (5 - 14) 

Finally, by (4.47), for the massless fermion we let 

Let us now write down the formal interaction, denoted by Vj, of the three particles 
and antiparticles in the Schrodinger representation. We have 

V I = {vP+vP+v} 1) +V? ) ) (5.16) 

Vj 1 " 1 is given by 

V (1) - [ d 3 x V (o (1) 

V I / \y M{M\MlMlMlMlMiM% 

M\ M\ Mf M| M J M| M| (5-17) 

(,t^)(0,T)(J.« ; «)-(0,T)(' 1 ^)-(0,«)(J^)(0,T)). 

is given by 



^ (2) -/d 3 x £ ( 9 % Mll 



\ Mf M| Mf M| M| 
M| M J M| M J M| Mf M| (5.18) 

(:^)^o,x ) (>^)(o,x )( :^)(o,x ) )( 2 ^)*(o,x ) ). 
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and we have 

r - 1 ^ e (A 

Mf M\ Mf Mf Mf M| Mf Mf (5.19) 

( 2 *mv4 ] ) (°' x ) (Kyif) * (0 ' x) (i^S 1 ) * (0 ' x) (i^M^ 1 ) * (0 ' x) ) • 

and 



Vj ' - I d J X > (g^Ji M i M 2 M 2 M 3 M | M 4 M 4 



f ) - / d 3 x E (*S 

MjMfMfMf MfMf M 4 Mf (5.20) 

Vf is formally self adjoint. 

By [51, 5.1.10] the constants = 1, 2, have to satisfy the following condition 
for i = 1, 2, and for every A <= SX(2, C) 

(*) 

^M 1 Mj 1 Mf M| Mf M| Mf Mf 

Er)!- 7 !'- 7 ^] /'4-l'\r)[ J i.- 7 2] C4 _1, l 

Ml'Ml'M\Ml y > Mf' M 2 2 ' MfMf V > 

Mf' Mf' Mf' M|' Mf' Mf' Mf Mf' 
Mf Mf'MfMf^ > Mf' M 2 4 ' M 4 Mf V > y Mf' Mf' Mf' M 2 2 ' Mf Mf' Mf M 2 4 ' ' ^-^J 

The coefficients <7.^\i = 1,2, are associated with the coupling of the spins Jl,Jf, 
Jf and J-j 1 and with the coupling of the spins J\,J\-, Jf and Jf to make scalars.See 
[51, section5],[46] and [50]. 

After integrating with respect to x we obtain 

vP = 

( 2lT y 3 E £ M 1 M 1 M 2 M 2 M 3 M 3 M 4 M 4 / d ^l d 6d6dC4 

MjMfMfMf MfMf M 4 Mf 

<^ 3 (Pl - P2 - P3 - P4) 



u M?Mi &)* u 3' J ) (6 ; ™ 3 , j 3 )&; (6 ; m 3 , j 3 )) x 



J l JVJ 2 



(^M 2 M| ! Tl2, J2)tt^_(^2; 77 *2, J2)"w^-V^^ )(^1 ; T7ll, Jl)ffl+(£l ; TMl, Jl)) . (5.22) 

and 



( 2?r ) 3 E f Mj Mf Mf Mf Mf Mf M 4 Mf / 



^ 3 (Pl-P2-P3-P4) 



("wmi'^Ki; mi, ji)a+(£i; mi, ii)*w^y^i (6; "i 2 , j 2 )a+(6; ^2,^2)) x 



(* M M3^J(e3;m3,j3)& + (6;m 3 ,j 3 )^ M y4 I (?4)&-(C4)) • (5.23) 
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together with 
V™ = 

( 2?r r 3 S M\ M\ M| M| Mf M| / dfl^d&d^ 

Mj M\ Mf Mf Mf M| Mf M| 

<5 3 (Pi + P2 + P3 + P4) 

("S (€4)6* (e~ 4 )^g'4 1 ) (6 ; m 3 , js)b* + (6 ; m 3 , j 3 )) x 
{^ [J J^l)^m 2 ,j 2 )a\{^-m . (5.24) 

and 



V, (2) = (2tt) 3 53 5£iMiMfM|M»M|^i^ / dad^d^d^ 

M\M\MlMlMlMlMlM* 

<^ 3 (Pl +P2 + P3 + P4) 

(""mV^^ 1 ' m i'-?i)°+(^i; "»i,ii) lt u^y j ^J(^2;m2, j2)a+(6;m 2 , j 2 )) x 

(^^ lfe;m ^ 3)fc + fe;m ^ 3) * u K 1K4)L( ^) ■ (5 - 25) 

In the Fock space J the interaction Vj is a highly singular operator due to 
the ^-distributions that occur in the (Vy ) s and the (Vy )'s and because of the 

ultraviolet behavior of the functions u 1 '^ ' J i involved. 

In order to get well defined operators in # we have to substitute smoother kernels 
F (a) (ti,&), G (a) (&) and & a) {U), where a = 1,2, for the ^-distributions. 

We then obtain a new operator denoted by Hi and defined as follows in the 
Schrodinger representation. 

Hi = H ( p + {H { p)* + H? ] + (J?f >)• (5.26) 

Remark 5.1. For the fermionic part of the interaction one could consider a kernel 
G^ a \^3,^4,) which is not split. Nevertheless this kernel should satisfy implicit con- 
ditions or should be very regular. It is better to consider a split kernel because the 
conditions that the split parts will have to satisfy will be more explicit and general. 

Wc have 



( 27r )~ 3 S 9 ( M\MlMlMlMlMlMiM± / dfld&d&d& 

M\ M\ M\ Ml M\ Ml M* M| 

^ (1) (£i,6)G«(6)G«(£ 4 ) 

( U MiMl (^)*«£f ^ } fe ; W3 ' J3)b + fe ; ^ , J3)) X 



A MODEL IN QUANTUM FIELD THEORY FOR ANY SPIN 



35 



( 27r )~ 3 H 9 ( M\MlMlMlMlMlMtMi / d £l d 6d£ 3 d£ 4 

M\ M\ Ml Ml M\ Ml Mf M* 

('^^^^^^fe^^ 3 )"^^^-^)) ' (5 - 28) 
( 2n )~ S J2 9 M \ M i M 2 M 2 M 3 M 3 MtMi / dfid&d&d& 

Ml Ml Ml Ml Mf Ml Mf M| 

&> 6 - ^)* u £f 3 } fe ; ™ 3 ' is)6 + ( & ; m3 ' J " s) ) x 

(^M^ M| j Tl2) j2)^+(^2 j J2)"w^y^y ) (£l i TOi , J tniijij) • (5.29) 

(fff ] )* = (2tt)- 3 ^ ff£iiifiji^M|iif3jif3 M 4^ / d£id£ 2 d£ 3 d£ 4 

Ml Ml Ml Ml Mf Ml Mf M| 

^ 2 H6,6)G( 2 )(6)G( 2 )(£ 4 ) 
( u m\mi m i> ii) a +(£i; mi, ii) Xi/?Mf m 2 , j 2 )a+(6;"i 2 , j 2 )) x 

("^f^ 1 ^ 35 ™ 3 '^)^^ 3 ^ 3 '- 73 ^^^ 1 ^)^^)) • (5.30) 

The total Hamiltonian is then 

H = H () + H I (5.31) 

We now give the conditions that the kernels F a {., .), G^ (.), G( Q ) (.) and the cou- 
plings constants gf Q ' have to satisfy in order to associate with the formal operator 
H a well defined self-adjoint operator in 

6. A SELF-ADJOINT HAMILTONIAN 

Let £> denote the set of smooth vectors in # for which only a finite number of 
components are different from zero and each component is smooth with a compact 
support. See [9] for a careful definition. H is essentially self-adjoint on ID. The 
spectrum of H is [0,oo) and is a simple eigenvalue with fl as eigenvector. 

The set of thresholds of Hq , denoted by T, is given by 

T = {pmi + q 1112 + r my {p, q, r) G N 3 and p + q + r > 1} , (6-1) 

For each causal field concerning the massive particles we can choose either the 
canonical formalism or the helicity one. Nevertheless, from the physical point of 
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view, the helicity formalism is very important and from now on we restrict ourselves 
to this formalism for each particle. For any other choice of formalisms our results 
will the same because we can apply the same proof. Only constants and smallncss 
conditions on the couplings constants would vary. We omit the details. 

Thus, from now on, we omit the superscript H in the formulae. 

We now need to estimate the functions (u^Vj^i m i, 3i) > where i = 1, 2, 3, and 

U MfM^ i >- 

By (5.11) and one easily shows that there exist two constants C l for i = 1, 2, 3 
such that 



[Jl ' Ji] m;m,j t )\ < &{i + \ Pi \) 4+4 1/2 (6.2) 



Remark that C l depends on Jf , J\ and jj. 
By (5.12) we obtain 

I^v4 1 (e4)|<(2|p 4 |) j 1 4+ ^ 4 - 1 / 2 (6.3) 

The estimate (6.3) is verified in the case of neutrinos and antineutrinos in the 
Standard Model. 

From now on the kernels F^fa, £ 2 ),G( a )(£ 3 ) and G( Q '(£ 4 ) are supposed to 
satisfy the following hypothesis 

Hypothesis 6.1. For a = 1,2 we assume 

(0 II ^ + \p \) J " +Jl ~ ll2 F^{.,.)eL\n jl xH h ) 

0=1,2, 

(ii) (l + |p 3 |) J?+J ^ 1/2 G(")(.)Gi 2 (S j3 ) 
(Hi) \p 4 \ J '+^-^ 2 G^(.)eL 2 (R 3 ) 

Set 



i^ (1 H6,6) = ^v4k6;m 2 ,j 2 )^y^ ] )(6;m 1 ,j 1 )F( 1 )(a,6)- (6-4) 



2 F (1) (6,6) = ^V^(6;m 2 ,j 2 )^vJ)(6;m 1 , J1 )F(i)(a,6)- (6.5) 



if& Kl , & ) = u [ ^ J Jjl (c 2 ; m 2 , i 2 )^y4 ] } & 5 mi ' * )F(2) & ' & (6 - 6) 

2^ (2) (6,6) - (& ; m 2 , j 2 )«£vj ) (6 ; mi , ji )F( 2 ) , 6) • (6.7) 
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For every ^ e 35 we have 

II f dad6(iF (1) (a,6)K(6;m 2 ,j 2 )a + (a;m 1 , J1 )vi/|| 

<&&w{ n (i+iP,i) jf+j "- i/2 )^ (i) (-,-)iu 2 ( S31 x Sj2) 

/3=1,2 

x ^ + i )llffov&ll+ ^ ll * ll) (6 - 8) 

II f dad6(2^ (1) (ei,6))<(6;mi,ii)a + (6;m 2 ,i 2 )*|| 

< C 1 C 2 ||( ft (l + |p,l) J " +J "- 1/2 )f (1) (.,.)llL 2 ( S31 x Sj2 ) 



3=1,2 



X ^ + i»*" + ^» (6 - 9) 

II j dad6(i^ (2) (a,6))<(6;m 2 ,i 2 )a;(a;m 1 ,i 1 )*|| 

<^ 2 ik n (i+ip,d j ' + ^- i/2 )^ 2) (., ohl-^ xe 32) 

/3=1,2 

x((^ + ^)||fT *|| + 11*11) (6-10) 

II J dad6(2^ (2) (6,6))a+(a;mi,ii)a+(6;m 2 ,i 2 )*|| 

<^ 2 H( II (l + |P^I) jf+j| - 1/2 )^ (2) (-,-)IU 2 ( S31 x Sj2 ) 

/3=1,2 

x(— + — )||H *|| (6.H) 
mi m 2 

The estimates (6.8) — (6.11) are examples of N T estimates. The proof is similar 
to the one of [8, Proposition 3.7] and details are omitted. 
Set 



Ty(p 1 ,p 2 ,p 3 ,p 4 )=(|p 4 |^ 4 - 1 / 2 1] (1 + M jf+J ^ 1/2 ) (6-12) 

0=1,2,3 



C= (27r)- 3 C' 1 C 2 C 3 (f[(l + 2jf) 2 (l + 2j| i ) 2 )2 J i + ^- 1 / 2 (l + 2J 1 4 )(l + 2J 2 4 ) (6.13) 

0=1 

5 = SUP , , , S , UP , , a ^MlMlMlMlMlMlMfM^ ( 6 - 14 ) 
a M\M\MlMlM\MlMlM% 12121212 

and 

2(m 1 +m 2 ) 1 ' j 
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By (3.11), (4.7), (5.26) - (5.30) and (6.8) - (6.11) we finally get for every 

<2gC{— + — )x 
mi m2 

£ ||^( Pl ,p 2 ,p 3 ,p 4 )F(«)(.,.)G(«)(.)G(")(.)|| 

a=l,2 

x (||ff *||+6||*||) . (6.16) 
We then have the following theorem 

Theorem 6.2. Let g\ > be such that 

1 1 
— + — 

mi m 2 ' 



2 g.9i(— + — ) E 



a=l,2 

, 2 



W(Pl,P2,P3>P4)) ( 6 - 17 ) 

|^ (a) (6,6)| 2 |G( a )(6)| 2 |GW^4)| 2 d6d6d6d^V /2 < 1 • 



T/ien, /or ewer?/ 5 satisfying g < g\, H is a self-adjoint operator in # with domain 
V{Hq) and D is a core for H. 

By (6.16) the proof of the theorem follows from the Kato-Rellich theorem. 

7. Main results 

We now wish to give statements about the existence of an unique ground state for 
the Hamiltonian H together with the location of its spectrum and of its absolutely 
continuous spectrum. This is our first main result. 

As in [9] and [3] our second main result is the proof that the spectrum of H is 
absolutely continuous in any interval (inf o~(H), inf o~{H) + mi — 8] for 8 < mi and 
for g sufficiently small whose smallness depends on 8. 

We shall now make the following additional assumptions on the kernels (£4) 

Hypothesis 7.1. There exist K(G) and K(G) such that for a = 1,2, i,l = 
1, 2, 3, and > 0, 

(i) (|p 4 | Jl4+J ^ 3/2 )G( Q )(£ 4 ) e L\R 3 ) . 

1/2 



(u) 



f (ipX^+^-^^&fdu) < K{G)a . 

J\ Pi \<v K J 



(m - a) (> 4 |^ 4 -V 2 ) ( (p4 . V P JG<">)(&) G £ 2 (K 3 ) 

1/2 

| P4 | 2 (./? + 4)-i| ((p4 . Vp4 )GW)(C 4 )| 2 d£ 4 ) 

'|P4l< cr 



(iii-b)( [ |p 4 | 2(Jl4+J24) - 1 |((p 4 -V P4 )GW)(C 4 )| 2 d£ 4 N ) <K(G)a. 



(m-c) / |p 4 | 2(j4+ ^ ) - 1 (p 2 ) 2 (P2) 2 



d 2 G {a) 2 
<9p 4 <9p 4 4 



d£ 4 < 00 . 
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The first main result is concerned with the existence of an unique ground state 
for H and with the location of the spectrum of H and of its absolutely continuous 
spectrum. 

Theorem 7.2. Assume that the kernels F^ , and G^ a \ a = 1,2, satisfy 

Hypothesis (6.1) and Hypothesis (7.1(i)). Then there exists 32 € (0, #1] such that H 
has an unique ground state for g < g 2 ■ Furthermore, setting 



with E < . 

In order to prove theorem 7.2 we first need to get an important result about the 
spectrum of the Hamiltonians with infrared cutoff. 

Let us first define the cutoff operators which are the Hamiltonians with infrared 
cutoff with respect to the momentum of the massless fermion. 

For that purpose, let xo(-) € C°°(R, [0, 1]) with xo — 1 on (-00, 1] and xo = 
on [2, 00]. For a > and p € R 3 , we set 



The operator i2/ i<7 is the interaction given by (5.26)-(5.30) associated with the 
kernel x° '(p 4 )G (c * ; '(&) instead of & a \^). 
We then set 



E = mia(H) 



we have 



a(H)=a ac (H) = [E,oo) 



x<t(p) = xoGpIAO , 

r(p) = 1 - x ct (p) • 



(7.18) 




We now introduce 




r = ffj^i A! ® ® ^ and $ a = . (7.21) 



and we have 




We further set 




(7.23) 



and 




(7.24) 
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Then, on ^ a <g> we have 

H 4 = ® 1 CT + 1 CT ® ff 4 CT , (7.25) 

where 1 CT (resp. 1 CT ) is the identity operator on (resp. 3^). 
Using the definitions 

H a = H„ | y a and TJq = i?olj CT > 

we get 

= ff 1 + ff 2 + if 3 + + gH ha on , (7.26) 

and 

ffo- = H CT ® 1 CT + 1" <8> ff 4 CT on3 CT ®3 CT . (7.27) 
Now, for S € R with < (5 < m 3 , we define the sequence (c„) n >o by 

cr = 2m 3 + 1 , 

o-i = m 3 - ^ , (7.28) 
Cn+i = T '™ for n > 1 , 

where 

For n > 0, we then define the cutoff operators on 3™ = by 

H n — H an , HZ = H%", (7.30) 

and we denote, for n > 0, 

= inf<7(i? n ). (7.31) 
We also define the cutoff operators on 3 by 

H n = H an , -fffhri = i?0,(T„, (7.32) 

and we denote, for n > 0, 

E n = mia{H n ). (7.33) 

Note that 

E n = E n (7.34) 

One easily shows that, for g < gi, 

\E n \ — \E n \ < gbK(F, G, G)- ) (7.35) 

1 - giK(F, G, G) 

See [9, 3] for a proof. 
We now set 

K(F,G,G) = 2G( — + — )x 
mi m 2 

J] ||^(p 1 ,p 2 ,P3,p 4 )F(«)(.,.)G^(.)GM(.)|| i2(E3iXSj2><Sj3><R 3 ) . (7.36) 

Q = l,2 

K X {F,G,G)= ' 



1 - giK(F,G, G) 

Y (7-37) 

K 2 (F, G, G) = —2 

(l-. 9l ^,G,G)) 2 
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K(F,G) = 2C(— + — )x 
mi m 2 

E IK II (l + IP^I) jf+J ^ 1/2 )^ (tt) (-,-)GW(-)IU 2 ( Sjl x Sj2 x Sj 3)- (7-38) 

a=l,2 /3=1,2,3 



6f(M , g) _«(ie 5 ±i)2, 2 } x 

(F, G) (2m 3 X! (F, G, G) + K 2 (F, G, G)) (7.39) 



Let g^p be such that 



and let 



Setting 



< g { p < min J 1, g u -J- — \ . (7.40) 
5 \ 3D S (F,G,G) 



93 = — (7.41) 

AK{F,G,G) 



gW =mf {g 3 ,gW} (7.42) 



and applying the same method as the one used for proving proposition 4.1 in [3] 
we finally get the following result 

Proposition 7.3. Suppose that the kernels F< Q )(., .), G^(-) and G (a) {.), 
a = 1,2, satisfy Hypothesis 6.1 and 7.1(H) . Then, for g < gf\ E n is a sim- 
ple eigenvalue of H n for n > 1, and H n does not have spectrum in the interval 

{E n , F" + (l-3 g ^ (F ; G ' 5) K). 

7.0.1. Proof of theorem 7.2. 

We adapt the proof of theorem 3.3 in [9]. By Proposition 7.3 H n has an unique 
ground state, denoted by <p n , in such that 

H n 4> n = E n <j) n , <p n e V(H n ), \\cp n \\ = 1, n > 1 . (7.43) 

Therefore H n has an unique normalized ground state in given by 4> n — <j) n (g) fl n , 
where Q n is the vacuum state in 

H n 4> n = E n 4> n , 4> n eV(H n ), ||^„|| = l, n>l. 
Let Hj tn be the interaction Hi^ n - It follows from the pull-through formula that 
(Ho+Hj^b-iU^n = E n b-(£Sn-w\U)b-(£Sn-(V r l(U)+VZ(U))k (7.44) 
where; 
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( 27r )" 3 E ^M\M\MlMlMlMlM\M$ J d£ld£ 2 d£ 3 

Mj Mj 1 M| Mj* Mf Mj 1 M| 

^ (1) (a,6)G( i )(6)r"(p 4 )G (1) (e 4 ) 

( U Mf M| ^ 4 ) U MfM| ) (& 5 m 3 > J3 ) &+ (6 J ™3 , J3 ) ) 

( u MfM| ) > m2 ' J' 2 ) a + > 1712 ' ^) u[ 'm{mI ) (?i ; m i > Ji )«+ (6 ; to i > Ji )) ■ (7-45) 
and 



( 2?r ) 3 E 9M\M\MlMlMlMlM{M^ f d £ld6d£ 3 

M\MlMlMlM\MlM*M% 

^ (2) (a,6)G( 2 )(6)r"(p 4 )G (2) (e 4 ) 



( u m/m| (& ) m m? ) (& ; m 3 , is ) 6+ (6 ; m 3 , j 3 )) 



( w mVm| ) ; m 2 , j2 )< (6 ; m 2 , j 2 )u^ 1 i m 2 i ) (£i ; m i . h ) a *+ (6 ; "»i , h)) . (7.46) 

We obtain 

e \G (a Hu)\(w n (i+ip^i) jf+j2 "" i/2 ^ (Q) (.,-)G (Q) (-)iiL 2 ( S31 x S32 x S33 )) 

a=l,2 0=1,2,3 

((— + — ) || +3/2) (7.47) 
mi m2 

It follows from (6.16) and (7.35) that, for every g < g\, 

\\Hi, n tn\\ <gK(F,G,G)(\\H 4> n \\+b) (7.48) 

This yields 

\\H 4>n\\ < \E n \+gK(F,G,G)(\\H 4> n \\+b) (7.49) 
By (7.35) and (7.37) we get 

\\H tn\\<gbK(F,G,G)(K 2 (F,G,G)+K 1 (F,G,G)) (7.50) 

uniformly with respect to n. 

Setting M = gibK(F, G, G)(K 2 {F, G, G) + K^F, G, G)) we obtain 

||6-(f 4 )^|| < 5 C|p 4 | Jl4+4 - 3/2 

E |G (Q) (e 4 )l(ll LI (l + |P0l) jf+J2J " 1/2 ^ (Q) (-.-)G (a) (.)ll^(E 3 ,xE 3 ,xE 3 ,)) 
a=l,2 0=1,2,3 

((— + — )M + 3/2) (7.51) 
mi m 2 
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Thus by Hypothesis 6.1 and 7.1 (i) and from (7.51) there exists a constant 
0(F, G, G) > such that 

J \\b-&)k\\ 2 dU< 9 2 0(F,G,G) (7.52) 

uniformly with respect to n. 

Since \\4> n \\ = 1) there exists a subsequence (nfc)fc>i, converging to oo such that 
(4>n k )k>i converges weakly to a state e By adapting the proof of theorem 4.1 
in [8, 1] it follows from (7.52) that <ft ^ for g sufficiently small, i.e. ,5 < g^ < g^p 
and is a ground state of H . 

By using the method developed in [32] (see [32, corollary 3.4]) we prove that this 
normalized ground state is unique( up to a phase). 

The result about cr(H) is the consequence of the existence of a ground state for 
H and of the existence of asymptotic Fock representations for the CCR and CAR 
associated with the a+(£i)'s, i = 1,2 , the &+(^3)'s and the &l(£4)'s. 

For f e C^CSj,), i = 1,2,3, and for f E C£°(R 3 ) one defines on T>(H ) the 
operators 



a^ifi) = e ltH e- ltHo a^(/ 4 )e ltHo e' tH (7.53) 
6«l*(/ 3 ) = e ttH e- ttHa b\{,h)c ltHo e tH (7.54) 
6»:*(/ 4 ) = e ltff e- ltHo 6L(/ 4 )e l * ffo e'* ff . (7.55) 

By adapting the proof given in [31] we prove that the strong limits of a+*(/j), 
i = 1,2, b^{fz) and 6?!*(/4) when t — > ±00 exist for every ^ € T>(H ): 

lim a^^) := a^C/i) (7.56) 
t hm c ^(/ 3 ):=6^ ± (/ 3 ) (7.57) 
lim & M (/ 4 ) := fo^CA) • (7.58) 

t— »±oo 

The operators a+^/j), i = 1, 2, satisfy the CCR and the operators b^{fz) and 
b^(fi) satisfy the CAR and we have 



a\ ± {f i )4> = Q (7.59) 
6«l ± (/3)^ = (7.60) 
6«! ± (/ 4 )0 = O. (7.61) 

where </> is the normalized ground state of H . 

By adapting [31] it follows from (7.56) — (7.61) that the absolutely continuous 
spectrum of H is [inf a(H), 00). We omit the details. 

This concludes the proof of theorem 7.2. 

Our second main result is devoted to the study of spectrum above the energy of 
the ground state. 
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Let p be the operator in L 2 (M?) associated to the position of the neutrinos and 
antincutrinos: 

P = * v p 2 . 

and set 

( P ) = (i + H 2 ) 1/2 

The second quantized version dr((p)) is a self- adjoint operator in S r a (L 2 (R 3 ). 
We then define the position operator P for the neutrinos and antineutrinos in $ by 

P = 1 <g> 1 <g> dT((p» ®1®1®1 + I®l(g)l® dT((p)) <g> 1 <g> 1 . (7.62) 

We then have our second main result devoted to the spectrum above the energy of 
the ground state and below the first threshold. 

Theorem 7.4. Suppose that the kernels F^^.,.), G (a) {.) and G (a) {.), a = 1,2, 
satisfy Hypothesis 6.1 and 7.1. For any S > satisfying < 5 < m 3 there exists 
gs > for < g < g s : 

(i) The spectrum of H in (E, E + m 3 — 5] is absolutely continuous. 

(ii) For s > 1/2, ip and ip £ $ the limits 

lim(^, {P)~ S (H - X±ie)- 1 (P)- s ip) 

exist uniformly for A in every compact subset of (E, E + mz — S] . 

(iii) For s £ (1/2, 1) the map 

A -> (P)- S (H - A ± iO)" 1 ^)" 5 

is locally Holder continuous of degree s — 1/2 in (E, E + mi — 5]. 

(iv) For s £ (1/2, 1) and / e Cq°{(E,E + mi - 5)) we have 

\\(p + i)- s c - UH f(H)(p + iy s \\ = oir^- 1 ^) . 

7.0.2. Proof of theorem 7. 4. 

Proof. .The following proposition will be fundamental for the proof of theorem 
7.4. A straightforward but lengthy computation shows the following fundamental 
estimates 

Proposition 7.5. There exists C(Jf, J|) > such that we have 



\p\ 



dp\ 

u a M?Mi 



(€4) 



dp\dp\ 



(£4) 



<C(J?,J*)\p 4 \ J ^-^ 

<c(Jt4)\ P4 \ J ^- 1/2 



fori, l = 1,2,3. 

In the proof of proposition 7.5 we explicitly use the norm of the operators J^ 1 '^ 
associated with the ^ 2 -norm of C^ 2J +1 ' . 

We now introduce a strict Mourre inequality. 
Let us set 

^-2(2^) • ^ 
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We now introduce x (r) e C°°(M, [0, 1]) be such that 

and we set, for all p 4 € K 3 and n > 1, 

xt\p.) = X^(¥), (7-65) 



4 T) = xl T) (P 4 ) 2 (P4 ' *V P4 + *V P4 • p 4 ) xl T) (P 4 ) , (7-66) 

and 

= 1® 1® l®dr(a( l T) ), (7.67) 
The operators a^ 1 "- 1 and Al T ^ are self-adjoint and we also have 

4 T) = 5 (xi T) (p 4 ) 2 P4 • *V P4 + zV P4 • p 4 xl T) (P 4 ) 2 ) • (7-68) 
Let now N be the smallest integer such that 

> 1 . (7.69) 

Let us define 



mm 



7 

and choose / e Cg°(R) such that < / < 1 and 



1 / 3gD s (F,G,G) \ r- 7 \ r? ?m 

2J\K* ; 7 >-4-f' (? - 70) 



1 if Ae [( 7 -e 7 ) 2 , 7 + e 7 ], 
/(A)= { if A> 7 + 2e 7 , (7.71) 
if A < (7 - 2e 7 ) 2 . 



We now define, for n > 1, 

/n(A)=/ t~) ' (7 - 72) 

Let P" denote the ground state projection of H n and let Hq n denote Hq a . 

(2) 

It follows from Proposition 7.3 that, for n > 1 and g < g s , 

/„(#„ - E n ) = P n ® /„«„) . (7.73) 

For £7 = inf cr(7J) and any interval A, let Ea(H — _E) be the spectral projection 
for the operator (H — E) onto A. Consider, for n > 1, 

A„ = [(7 - e 7 ) 2(7 «, (7 + e 7 K] ■ (7-74) 

Now, by adapting the proof of theorem 5.1 (Mourre inequality) in [3] and by 
applying proposition 7.5 together with Hypothesis 6.1 and Hypothesis 7.1(ii), (iii- 
a) and (iii-b) , we prove the existence of a constant Cs (F, G,G) > such that for 
every g < inf (#2, g^) we have 

2 

f n (H - E)[H, iA^]f n (H -E)> ^a n f n (H - E) 2 - ga n C s (F, G, G) . (7.75) 
Multiplying both sides of (7.75) with Ea„(H — E) we obtain 
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E An (H - E) [H, iA^]E An (H-E)>(^-gC 5 (F, G, G) ) a n E An (H - E) 



Choosing a constant g s such that 



(7.76) 



<min( 52 , gf\^-~ (7.77) 

S I S N 2 c s (F,G,G)S 

we finally get the following strict Mourre inequality for every g < gf^ and for n > 1 

E An (H - E) [H, iA^\ E An {H-E)> C S {F, G, G) ^ a n E An (H - E) . (7.78) 
where 

Cs(F, G, G) = (1 - N 2 Cs(F, G, G)gf ] / 7 2 ) > . (7.79) 
After proving a strict Mourre inequality it remains to prove that H is of class 
C 2 {A ( n ) ) in order to apply the commutator theory. See [35, 2, 41, 21, 25, 23]. 

In fact, according to [41], it suffices to prove that H is locally of class C 2 (A < h ) ) 
in (-co, m 3 — (5/2). 

This means that, for any ip G C ( J°(— oo, m 3 — <5/2), <p(-ff) is of class C 2 (^ll T ^), i.e., 

t — > e~ lA " T>t ( ( 9(^)e lA " T)t V' is twice continuously differentiable for all </? e Co°(— oo, m 3 — 
5/2) and V € £. 
Set 



<i = ! j (7-80) 

K a( t )\ 



By using the proof given in [9] H is locally of class C 2 (A„ ) in (-co, m 3 — 5/2) 
if we show that 

sup \\,[A ( S [A { :lH]](H + i)- l \\ <^ (7.81) 

0<|t|<l 

The operator a„ ' is associated to the following C°°- vector field in R 3 : 

K (r) (P 4 )-xl T) (P4) 2 P4 (7-82) 
Let (pnt(-) '■ ^ 3 ~ ^ ^ 3 be the corresponding flow generated by V^ r \p 4 ): 

|*S3(pJ-i«"(*m(-J) (7 . 83) 

0^0 (P4) = P4 

We have 

e- |t| |p 4 |<l< t ) (p 4 )l<el t '|p 4 | (7.84) 

defined by 



j t (p 4 ) induces a one-parameter group of unitary operators Un (t) in L 2 (K 3 ) 



(u£\t)f) (p 4 ) = (detV^(p 4 )) 3 /(^(p 4 ))- (7-85) 
is the generator of Un \t), i.e., 
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Ui T \t) =e- M "" 4 (7.86) 
We have, for every tp £ I? (H) 

[A^l H}}^ = ^e 2 ^ h (e- 2 ^ h He 2 ^ h - 2 C -^ h He^ h + h) ^ 

(7.87) 

In particular we get 

[<>, [< t \ ff ]ty - ^e 2 ^' (dr(|^%(p 4 )| - 2|0$(p 4 )| + |p 4 |)) V . (7.88) 
We note that 



t 2 



|<L(P4)|-2|C(P 4 )| + |P 4 | 



< sup 

M<2|t| 



^2 



There exists a constant c„ > such that 



d 2 

^l^n,,(P 4 )l 



< C ™I^](P 4 )I < Cn|p 4 | 



This yields 



Let 



and 



sup \\[A%, [A%, H ]](H + I)" 1 || <c„e 2 

0<|t|<l 



^(P 4 ) = «SJJK4)C?( Q )(€4) 



e t (a) (P4)=(e-^ > ^ (a) )(p 4 ) 
It follows from (5.26) — (5.30) that we can write 

ff/ = E flj(F( a >,G< a >,0< a >) 

c*=l,2 

We then have, for every ip £ 13(H) 

[41 = E 



(7.89) 

(7.90) 

(7.91) 

(7.92) 
(7.93) 
(7.94) 



a=l,2 



[Hi (F< a > , G (q) , g { 2 " } ) - 21// (F< a > , G (a) , g t (a) ) + Hi (F (a) ^W,^'))^ (7.95) 
By (6. 16), (7.36) and (7.38) we get 



||[41[<],^#||<5^,G) 

E ll4 a) (-)-2e t (a) (.)+^(.)ll^(RS)) (||#oVII+&IIV>||). (7-96) 



1/2 



a=l,2 

Note that, for < |i| < 1, 
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v 1/2 

A £ ll^ ) (-)-2^ ) (.)+^ ) (-)ll^( R 3) 

a=l,2 / 



< sup ( £ 



-)2 



— a (a) () 



2 



L 2 (R3) 



1/2 



(7.97) 



with 



ds 2 



(e- ia »^ (a) )) (p 4 ) 
1 (e-^ )s ((divyM(p 4 )) 2 ^^)) (p 4 ) 

1 (c-^ )s ((div^)(p 4 ))^)(p 4 ) • V P4 gW)) (p 4 ) 

+ Ue-^ ,s (E(^ r) 'XP4)( r |^ T K l (T) ' J (P 4 )))^ (tt) ) I (P 4 ) (7.98) 

2 \ ij^i dp\dpi j 



+ 2 



3 r)T/ (r)j 



+ 5l e ^ '(E^^^-^)^) ] (p 4 ) 



+ J |^ a " T)S (E K (T) "(P4)K l (T)j (P 4 ) r ^ T ^ (a) ) I (P 4 ) • 

2 \ i, j= i dp\d P J 4 J 

Combining the properties of the C°° field V^ T ^(p 4 ) with Hypothesis 6.1 and 7.1 
together with Proposition 7.5 and by mimicking the proof of theorem 5.1 in [9] we 
finally prove (7.81). It follows H is locally of class C 2 (A^) in (— oo,m 3 — 8/2). 

By applying the commutator theory (see [35, 2, 41, 21, 25, 23]), we then get the 
following Limiting Absorption Principle 

Theorem 7.6. Suppose that the kernels (., .),G^ (.) and & a) {.), a = 1,2, 
satisfy Hypothesis 6.1 and Hypothesis 7.1. Then, for any S > satisfying < <5 < 
77i3 7 f/iere exists 55 > smc/j fftcrf, for < g < gs, for s > 1/2, ip, tp e 5" arad /or 
77 > 1, i/ie limits 

limfo (4 r) )- s (ff-A±76)(AM)-» 
e.T7sf uniformly for A € A„. Moreover, for 1/2 < s < 1, f/ie map 

a^(^;))- s (^-a±zO)- 1 (am>- s 

is Holder continuous of degree s — 1/2 m A„. 
Here 55 = . 

Note that there exists a constant d„ > such that 

\a^<d n (bf (7.99) 

and 

(A^) 2 <d n P 2 (7.100) 
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Now, by adapting the proof of theorem 3.3 in [3], we deduce theorem 7.4 from 
theorem 7.6 and from the following lemma 

Lemma 7.7. Suppose that s e (1/2, 1) and that for some n, f e C™(A„). Then, 
(A^Y s ^ ltH f(H)(A^Y s \\=o(t-( s -^) . 
We omit the details. □ 
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